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1. In troduction

In a previous report (Schwarz , 1976) the accuracy of

airborn e gradio m etry has been studied and some conc l u s i o n s  have

b een drawn about cptima l point configu rations and data combi-

na tions. This report supplements some of the ‘previous investi—

ga t i o n s .  Not much can be added with respect to the expected

accuracy . Simulation studies display the behaviour of i n d i v i d u a l

exper i ments  onl y and are therefore not suited to check results

of an accuracy study. The interest of a s i m u l a t i o n  study is toere-

fore not so much in the fi eld of accurac y but in the domain of

operational realization and optimal performance.

In order to get an o p e r a t i o n a l  program for airborne

gra di ome try the mos t i mpor t an t pro b lem t o co p e w i th i s th e
efficient hand l i n g  of large amounts of data. The proposed

measuring sys tem wi l l  produce about 250 observations per profile

an d degree. In order to cover a 200 x 25° area w i t h prof i l es
s p ace d at 1

0 we have to treat 130 000 measurements. For mean

grav i ty v a l u e s  be low  1
0 x 1

0 we have to use 20’ s p ac i ngs an d

the above number of measurements w i l l  t r i p l e .  It has been show n

in Schwarz (1976) how the number of observations can be reduced

without si gn i f i can t ly i m o a i r i n g  t ne  accuracy of the results. For

an operational pro gram . however , it w i l l  be necessary to use a l l

informa ti on a v a i l a b l e .  Not 5-3 much to inc r ease accurac y b u t to

iake r e s u l t s  more  r e l i a b l e .  T h e r e f o r e ,  we have to in c o rpor a~~e

both vie w p o i n t s  in such a program. Efficiency asks for data

s e l e c t i o n i n e a c h  com p u t a ti on s t ep . R e l i a b i l i t y  requires tre

process ing of all data a v a i l a b l e .
,
~~ second reason to carry out a s i m u l a t i o n  st u dy is th ’~

trea~~-ie nt of aat ho l og ~ cal error s i t u a t i o n s .  ~ccur a cy s t u d i e S  ~re

u s u a l l y uerfor ’ied unde r the a ss umo tion that the cb se ’- v a t i o r a l

errors follow a G oki s s i a n  d i s~~r i b u t i o n .  ‘~-~~tn  c o m p l e \  ne a s u r i ~~
;y s t e m s  on a m o v i n g  b a s e  t h i s  a ; s u ’~1 p t i o n  m a y  no t  he r e a l i s t ’ c .

~e s i - i es c o r r e l a t e d  e r r o r s  b i a s e s  a ’ e  l i k e l y  to  o c c u r  in  3 i ro c r ~5e

g r a d i o m e t r y .  E f f e c t s  of  t h i s  ~. i nd  a r e  e a s y  to  s i m u l i t e  a n d

L .  - _ _ _ _ _ _  _ _ _ _ _ _ _ _ _  --
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results are im portant for the planning of experiments. T h u s ,

the actual development of the error bud get coming from different

sources  w i ll hel p to plan an effective updating procedure.

F i na l l y , the check ing of such a program in a controlled

experiment is a worthw ile exercise by itself . riot only because

of its complexity but because i n s t a b i l i t i e s  stemming from the

downward continuation problem sh ould be controlled in the best

way possible. Special care mus t be taken that the methods for

generating the da ta are truly independent of the data processing

procedures. If th is can be achieved simulation studies w i l l  give

a relia ble base to handle real data. Large differences in the

result s from actual and from simulated data w i l l  indicate that

the mathemat ical model needs refinement . T h e na tu re of th e re-
finemen t can often been guessed from the simulation.

The numerical trea tment of the problem requir es the

consi deration of the following four steps:

S t ep I . . . Gravity and gradiometry data are generated at ground

and at flight level.

Step 2 . . . Data at flight level are corrupted by the error

model
Ste p 3 ... Gravity anomalies at ground level are estimated from

d a t a at  f l i gh t l e v e l .

Ste p 4 ... Estimated and model anomalies are compared ~t ground

l e v e l .
T hese s t e p s  w i l l  be c o v e r e d  in the next three sections.

Data s imulation in section 2 , e r r o r  mo d e l s  in sec ti on 3 , and

es timation and comparison in section 4. Section 5 w i l l  give a

s h o r t  r e v i ew of t h e  p r o g r a m s  wh i ch  a r e  l i s te d i n  a n  a pp en di x .

2. ‘- ‘ass Mo dels and Their Spectral Properties.

T he b a s i c  a s s u m p t i o n  under l y ing the s i m u l a t i o n  of
gravimetric quantities by a point mass model can be for m ulated

in the following way: The field generated by such a model in a
l i m i t e d  reg ion can be regarded as a sufficien t a ppr o \ i ri ation o

—‘------—-— -- — -  -— - -----~~—-- “- - - - - - - - -  - - -  — - - - - - -— - - ---fl- ----— - --— _ - —- --- -
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the anomalous grav ity field in this region. In a number of

app licat ions the actual field can only be described by statis-

tical parameters. In such a case the above would impl y that the

statistical propert ies of the simulated field can also be con-

sidered as approximations of the actual quantities . T hi s as-
surn pti on has important theoretical and pract i ca l i m p l i c a t i o n s .

Some of them w ill be examined in the sequel.

Let us f irst consider the simple case that all anomalous

masses are concentra ted on a p lane at depth z 1 and that the

s imulated function is wanted on a para l l e l  plane z 2 . U s i ng
Cartes ian coordinates we can write

g(,x ,y,z2) =~~~~h (x-x ’ ,y-y ’ ,z2 -z 1 ) f ( x ’ ,y ’ ,z 1 )dx ’dy ’ (2.1)

where density function representing the anomalous

masses s t he upward continuation operator , and g is the

simula ted gravity function. S ince we wi l l  use the spectral - ‘

d ens ity func t ion l a t e r  on we w i ll ca l l  f the m a s s  dens i ty
function in the sequel. Obviously, g w i l l  be s i n g u l a r  at

i .e. it is only defined above this plane , an d ‘.ie have the

condito n :~
E c u a t i o n  ( 2 . 1 )  d e f i n e s  a d o u b l e  c o n v o l u t i o n  of t he

functions h -and f which may be written as

= h (x ,y, z ,— z 1 )w-~~f ( x ,y, z1 ) (2 . )

whe r e ~~
- is the convolution s inbol . Since we c onside r onl y in te-

-~ra tio n s in the (x ,y )— p lan e we ’ vi l l  w rite

g (x ,y) = h (.~,y)w.f(x ,j) , (2.3)

keeping in m i n d  t r a t both g and f refer to a fi\ed . Let

us assume that tie F ou rier transforms of al l  tnr e e ~u n c t i c n s  i n

~

-- - - - -

~

-

~

- - ‘-

~
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equation (2.3) exist. We w i l l  denote them by c a p i t a l  l e t t e r s

and reserve small le tters for the data domain. As an example we

hav e

G ( u ,v) = j g (x ,y)e~~~~~~~~~ dxdy - (2 .4)

as Four ier transform of g(x ,y) an d the i n v e r s e  r e l a t i o n

g ( x ,y)  =~~~~~~~~~ G ( u ,v)e 1
~~~~~~~ du d v . (2.5 )

—~~~

G ( u ,v ) is also called the spectrum of g(x ,y) . Forming all

t hr ee tr ans fo rms  we can ma k e use of the s i mple  r e l a ti ons i n th e
s p e c t r a l  d o m a i n

G( u ,v )  = H(u ,v)  . F(u ,v )  ( 2 . 6 )

and using the inversion formula (2.5) we o b t a i n

g (x ,y) =~~~~~~~~~ H(u ,v ) F ( u ,v ) e  ~~~~du d v . (2 . 7)

4 ~T —~~~

The transfer function H(u ,v ) is determined by the geometrica l

relations between the planes 2
1 

an d z 2 an d i s  of t h e f o r m

1~~~U X ) + V ( y ~~~~~~~ )

-i (u ,v )  = ~ •e 
, ,

~~ 
dx ’d y ’ (2.8)

- (x-x ’) + (y- y ’)~~+d~~~ ’

w here d = z. — 2

Evaluating the integral we obtain

H(u ,v )  = 2~ e~~~~~~ ( 2 .~~)
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an d we can write formula (2-7) as

~~~~~ 
-

g (x ,y) = ~~ ~~~~~ F(u ,v ) e 1 
~
‘ ‘
~~

‘ d u dv ( 2 . 1 0 )

E quation (2.10) shows that the transfer function is a smoothin g

function ‘.vhi ch affects the high frequencies most. T h e d eg r ee of
the smoothing is dependent on the si:e of d , i .e. on the

separation of the two planes. To il l u s t r a t e  this point table 2.1

gives smoothing factors for different values of d and different

frquencies. To mak e the results a p p l i c a b l e  to the mass model

u s e d l a t er on , a grid of 61 by 61 equidis t a n t  mass points has

been chosen. The variabl e d is expressed in units of the mass

point spacing. Since H (u ,v) has c ir c u l a r  symm etry we have used

H (w ) = 2~ e~~~
’ (2.11)

where w =~~ u + v  
‘

. 

- -

v d

0 .5 1.0 1.5 2 . 0 2 .5

1 .950 .902 .857 , 8.3 .7 73

5 .7 7 3 . 597  .4 6 2  . 3 5 7  .276

10 .597 .357 .213 .127 .076

15 .462 .213 .099 .O°5 .021

20 .357 .127 .045 .016 .336

25 .276 .076 .021 .006 .002

30 .213 .045 .010 .002 .000

Tabl e 2.1 Smoo th ing of grav i ty ano maly so ec t ru o

It is apparent from t hi s table th a t most of t n ~ n i c h

~requ enc y irfo rm a t ion is lost if J b e comes l a r ~~~r t h an tie

- -~~ -- ~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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m a s s  p o i n t  s p a c i n g .  T h i s  w i l l  r e s u l t  in a very smooth g r a v i t y

f ield because its structure is determin ed by a few low fre-

quencies only.

A s i m i l a r  cons ideration applies for second-order
d e r i v a t i v e s .  We w ill show it for  the v e r t i c a l  d e r i v a t i v e  of g .

U s i n g  e q u a t io n  ~2 . 10 ) we o b t a i n  
- ‘ - -

~g ( x ,y, z 1 )  
= ~~~~ ~~~+v~~ e Y v

2
F( u ,v)e

j vy) d u d v
1 

(2 .12)

Thus

H ( u ,v) =~~/~~+v
2 H (u ,v )

or

H (w)  = w 11(w) . ( 2 . 1 3 )

R e s u l t s  are g i v e n  in t a b l e  2 .2.

w h

0.5 1 .0 1. 5 2.0 2 .5

1 .950 .902 .857 .810 .773

5 3 . 8 6 5  2 .987 2 .3 09 1.785 1. 380

10 5 . 9 7 5  3 . 570 2 . 1 3 3  1 . 2 7 4  .761

15 6 . 9 2 8  3 .200 1.478 .6 82 .315

20 7 .140 2.549 .910 .325 .116

25 6.399 1 .904 .525 .115 .040

30 6 . 3 9 9  1 . 3 6 5  . 2 9 1  . 0 6 2  .013

Tabe l  2 . 2  ‘ S m o o t h i n g ’ of secon d—order vertical

gr a dient s p e c t r u m

_ _ _ _ _ _ __ _
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Since the high frequencies of the second-order gradients

are strongl y am plified the smoothing effect of H ( w )  is counter-

b a l a n c e d  if d does not become too l a r g e .  Thus , even with d

twice the mass point spacing we can expect adequate information

on the frequencies up to 15 or 20 . There is not enough empirical

i n f o r m a t i o n  at  the moment  on the a c t u a l  v a r i a t i o n  of the  s e c o n d -
or der gradients to decide whether a field with such frequency

content is too smoo th. It is obvious , howeve r , f r o m  t a b l e  2 .2
that by varying the grid density of the mass poin ts and their

depth we can model a wide range of different fields.

So far no assump tions have been made on the mass density

function f(x~ y~ z1 ) exce pt that it should possess a Fourier

transform . Thus , we can model e.g . a given gravity anomaly field

in a compl E tely deterministic way by properly dist r i b u t i n g  p o i r~t

m a s s e s  at  c e r t a i n  dep th s .  d o w e v e r , if the f i e l d  to be s i m u l a t e d
can only be characterized by statistical parameters a different

a p proach  must  be t aken .  In such a case  we are l ook i ng for  a mass
distribution wh ich will generate a field with the desired stat is t i -

cal pro perties. Obviously, the s t o c h a s t i c c h a r a c t e r i st i cs of th e
mass  d e n s i t y  f u n c t i o n  and the i n f l u e n c e  of the t r a n s f e r  f u n c t i o n
m u s t be t a k e n  i n t o  a c c o u n t .

Le t us consider a t w o - d i m e n s i o n a l  w i d e - s e n s e  s t a t i o n a r y
process f (x ,y) , i .e. a process which has constant mean value

an d an  a u t o c o r r e l a t i o n  r~~ w h i c h d e p ends onl y on =

and = y. —y , . Thus , it is characterized by its f irst and second

m o m e n t s

E~ f (x ,y)} = con st.

E -~f (x+~~,y+~ ) 
. f (x ,y~~ = r~~~(E ,~~) (2.14)

‘here E is the statistical ex p ectat i on and the o v e r ba r de n o~ es
the complex conjugate. In the sequel we w i l l  only use orocesses

with mean values equal to zero. Therefore , no d i s t i n c t i o n  is
necessary between the a u tocorre l a t ion r~~ and the a u t o c o v a r i a n c e

____________________ —~~~—- --— —~~~
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C
f f  and we wil l  always use the lat ter one. The Fourier transform

of c f f  is g iven by

S f (u ,v ) = f f C f f (~~ ,n)e~~~~~~~~~ d~ dn (2.15)

whe r e Sff is called the spectral density. It can be shown tna t

the spectral density of an arbitrary process is nonnegative

Sff (u~ v) > 0

In general , a stationary process f(x ,y) does not have a spectral

re presentation of the form (2 .5). Thus , equat ion (2.15) must be

regar ded as the basic spectral relation for a stationary process.

Given a posit ive function Sf f (u~ v) or , e q u i v a l e n t l y , a p o si t i v e

definite function c f f (~ ,n) , we can fin d a stochastic process

having Sf f (u~ v) as spectral density and C f f (~~ i) as co-

variance function. If the cova riance function does not have a

Fourier transform it can usually be represented by a Fo urier-

St i e l t jes i ntegra l  an d t he i n v e r s i o n  of t h i s - i n teg ra l  i s p oss ib le
by generalized transform me thods. Incident l y, this is the method

also used for the spectral representation of the process itself.

Let us now cons ider the convolution (2.3). It w ould be

qu it e a d v a n t a g e o u s  t o have  g ( x ,y) stationary because this wou l d

allow us to charac terize the simulated field by its first two

moments . One condition which secures stationar i ty ~f g (x ,y) is the

follow ing: If the process f(x ,y) is wide-sense stationary then the

ou tpu t  of the c o n v o l u t i o n  ( 2. 2 )  w i l l  a l s o  be s t a t i o n a r y . F u r t h e r -
m o r e , f (x ,y) and g (x ,y) w i l l  be jointly stationa r y. i.e. the

joint statistics of f (x ,yj and g(x ,y) w i l l  he the same as the

joint statistics of f (x+~~,y~ ’i) an d g (x+~~,y~~~) . Thu s ‘c H a v e

~~~~~~~ = E t f ( x + ~~,y+~~) g ( x , y ) }

_
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or

c f L~~~) h (~~~~~~) . (2.16)

Sim i l a r l y . - 
-

C~~g
(~~~~i) = ~~~~~~~~~~~~~~~~ (2 .17)

Fo rmi ng t he dou b le t rans fo rms  S~~~(u ,v ), 5 ( u ,v ), S ( u ,v )  of
c~~~(~ ~~

) C~~g
(~~~~i)~ Cgg (~~~ fl ) , we obtain from (2.6), (2.16) and

(2.17)

S ( u ,v)  = S~~~(u ,v)  H( u ,v)

S ( u ,v)  = S (u ,v) H (u ,v)

S
gg (U~ V ) = S~~~(u ,v )  H( u ,v )  2 

- 
( 2 . 1 8 )

By use of equation (2.9)

S ( u ,v )  = 4~ c e~~~~~~~
v S ( u ,v) (2 .19)

Fo rm ula (2.19) Shows that the spectral density of the simulated

p r o c e s s  i s r e l a t e d i n  a s i m p le nv to th e spectral dens ity of the

m ass density function if f(x ,y) is stationary . The importance

of this result has already bee n stressed by Na idu (1968) and

3r -afarend (1970). It is only v a l i d  for the planar a p p r o x i m a t i o n

w h i l e  for the so he r ica l case a correct ion term is neces sar y .

Using the inverse we obtain

-4. , /
— 2 i V ~ 

-
~~~

‘‘ : ( :- -‘:~~~~= - e S~~~( u ,v ) e  - - dudv  ( 2 . . 0 )

anc f~~r the v a r i a n c e
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cgg ( O~ O) = Ife
_ 2 U

~~~~ Sf f (u ,v )du dv . (2.21)

There are s imple relations between the spectral densities of

different first and second order gradients which are e .g. derived

in Na idu (1968) and Kubackova (1974). -

In order to select a spec ial model we have now to choose

a s p e c i f i c s p e c t r a l  d e n s i t y  or , equivalently, a spec ific covari-

ance function. A number of differ ent Gaussian mo dels have been

c o n s i d e r e d  by G r a f a r e n d  ( 1 9 7 0 ) .  In c a s e  of po i n t  m a s s  anomal i es
a model  c o r r e s p o n d i n g  to w h i t e  n o i s e  seems to be mos t  a d e q u a t e .
In two dimens ions it is sometimes called an incoherent process

an d is defined by the covarianc e function

c f f (x 1~ Y 1 ;x 2 ,Y 2 ) = q (x , ,y1 )3 (x 2 -x 1 )~~(y2 -y 1 ) (2 .22 )

4

w here 5 denotes the Dirac-fu n cti on .

To get a s t a t i o n a r y  p rocess  we must have

q (x ,y) > 0 . (2.23)

S in ce wh it e no i se p r o c e s s e s  have  inf i ni t e i nt ens i ty

Ef f (x ,y)~~
2 } =

i t i s use fu l  t o d e f i n e  the a v e r a g e i n tens ity of th e ou tp u t w h i c n

in our case is

Ef g ( x ,y) = q (x ,y)N*- h(x ,y) (2. 201

and if h(x ,y) ta kes s i g n i f i c a n t  values onl y in a li m i t e d  re ol o n

4 near the origin , we ge t

E~~ g(x ,y)~~~} q ( x , y) f ~~~h ( x ,y) d x d y  ( 2 . 2 ~~ 

--
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Ano ther model which might be worthwhile considering in our case

is a stationary Markov se quence.

So f a r , we have used only one plane of generating masses.

As is a pparent from tables 2.1 and 2.2 the combination of different

planes would be advanta ;eous for a realistic mo del of first and

secon d order gradients. Schwah n (1975) has investigated this case - -

an d has shown that the autocovariance function of the simulated

fiel d can be determined by adding the autocovari ance functions

of the partial fields if no cr osscovariances between the p l anes

are present. This case seems to be a p p l i c a b l e  in all kinds of

mo del computations. If crosscovariances in z- direction cannot

be neglected the full covariance matrix of the partial fields must

be used and computations become extremely la borious. The c a s e  o f
a thick sheet of random masses an d , as a s p ec i al c a s e , of a sem i-

infinite medium has been treated by N ai du (1968).

The practical procedures of generating gravimetric data

from a point mass model can only approximate the discussed m odels.

Usually the a nomalous masses are allocated to the intersections of
a gri d in the (x ,y) -p lane , i.e. the gen erating field is a two-

dimensional a rray of mass points e quidistant along the axes. If

t he g r i d c o v e r s  t he i n f i n i t e  p l a n e  a good  a p p r o x i m a t i o n  of the
a bove models is always possible. If the grid is only given in a

f i n i t e r e g i on , the situ a tion becomes more d i f f i c u l t  b e c a u s e  theo-
r e t i c a l l y  we ‘.~i l l  loose stat i onarity of the simulated function.

It can b e expec ted , h o w e v e r , that sta t iona r ity w i l l  be good

enough for a l l practical purposes if the array of m a ss points is

chosen procerly. O b v i o u s l y ,  the density of the a rid , its exten s i o~~.

and the depth of the generating masses w i l l  be important o - a r am —

eter s .

3. Err -or ~l o de l s.

Two types of s t a t i s t i c a l  error models h ave b een use d n

the ccfn pu t a t i on s : norm a l mo d els a nd  ~- ‘ a r kov m o d e l s .  The te”n 

~~ - -~~-_ ~—~~~~~~~~~~~ - -rn --
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normal model w i l l  refer to a series of numbers taken from a normal

d istribution NC~i ,a }  with mean ~ and var iance ~~ . The term
M arkov model w ill  be used in connecti on with M arkov sequences of

first and second order. The foll owing discussion w il l  be main-

l y directed towards M arkov sequences.

We w i l l  a ssume w i d e - s e n s e  s t a t i o n a r i t y  fo r  t h e s e  mode l s
and thus be able to use some of the results of section 2. Matters

are s implified to a certain extent by the fact that we are con-

s idering sequences only. They can be v iewed as stochastic processes

d ( t )  whe re  t can t a k e  i n t e g r a l  v a l u e s  o n l y .  Fur thermore , s i nce
we do no t assume error correlations between profi les we w i l l  only

cons ider the one-dimensional case.

The d ifference between the normal and the Markov model

l ies in their correlation characteristics. Normal deviates are un -

co r re l a t e d , elements of Markov sequences are no t. If e . i s a n
elemen t of the f i rs t  model , we have

E{e .} =

1 N

Ef (e
~~

u m )(e .
~~

u
~~
)} = ( 3 . 1 )

Et( e -u N
) ( e

~~
-
~ N )} = 0 ~ j

where E is again the statistical expectation.

If d . = d (t) is an element of the second model , we have

E L d .~ 
=

E- (d —~~,~)(d — u .,) } ‘~~~ ( 3 . 2 ~

E -. (d —  .~
) (d 14 — .. ,) = c , k = 1 , 2 , 3 , . . .

.v rler e c i s th e ~-th a u t000 v - arian c e _ v i~~’1 t h e  co rr e so on oin g

co r rnl ~t io n

0~
= —

~~ (3 .3~
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S t a t i o n a r i t y  of the m o d e l s  i s  a p p a r e n t  f rom the  first two equa-

t i o n s  of ( 3 . 1 )  and ( 3 . 2 ) .  T h e i r  d i f f e r e n c e  is  o b v i o u s  f rom t h e
l a s t  e q u a t i o n  in each group. w h i l e  any element e 1 i s  i nde -
p en d ent of an y o ther e lemen t e . , e a c h  e l e m e n t d . of the

Markov mo del does depend on one or more of the previous elements;

a l l  d . have t he same univariate di s t r i b u t i o n  but are correlated.
1

The follow ing presentation of M arkov sequences w i l l  onl y

cove r those characteristics which are interest ing for the sub-

sequen t  com p u t a t i o n s .  S i n c e  th e p resen tat i on wi ll b e ra th e r
heuristic it may be necessary to consul t a more detailed expo—

sition. The introductory texts of Par zen (1962), Yaglo m (1973),

and Ken dall (1976) have been found especially useful.

Narkov sequences are di s t i n g u i s h e d  by their order. In

an intuitive way the order of the sequence is e quivalent to tne

s m a l l e s t num ber of in d e p en d en t v a l u e s  n e c e s s a r y  to d esc r ib e th e
correla tion in the series. T h us , a M a r k ov s e q u e n c e  of f i r s t
order i s of the form

d . = rd . + e . (3 .4)
1 i 1  1

where vie have only one coefficient r desc ribing the c o r r e l a t i o n .

To o btain the correlation between d and d , ~~~~~ ap o ly the

a b ove fo rmula  to d . and obtain

d = rd . - ‘- e

Insert ing this into equation (3. 4) -~~~~~ ge t

d = r 2 d~~~ + re , + e . (2 .  5 \

C o n t i n u i n g  in  t h i s  ~iay we see that tn e cor ”e~ a t i o n  b e . -4nn n u

a n d  d . - is r and that we c-a n -.-i r~ to
1.

= - r a , - - 
. 
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Kee ping in min d that r is real r < 1 and that the correlation

funct ion is symmetric we obtain the covar i ances ck by

-
~~2 Z ~ +k

C k 
= 

~~ L r r

_____ 
k

= 

2 
r (3.7)

1-r

Thus we can express the var iance of the Nl arkov sequence of

first or der in terms of the variance ~i by
N ç

2
2 

____

1—r

This shows that if r~ is clo se to one wi l l  be much larger

than . Thus a high correlation of sucessive values w i l l  pro-

duce large amplitudes even if the disturbances are small. 
- -

The relation between the spectral density and the co-

variance function of a stationary Mark ov sequence can be re-

p resented in a form s i m i l a r  to e quation (2 .15)

S~~~(w) =~~~~~~o~~
k
~~ 

(3 .9)

w h ere S 3 (- .~i) is the spectra l density , c ; ( h ) the covariance

fu nction ,and whe re k can take integer values onl y.

C o n v e r s e l y ,  we o b t a i n

c ( k ) = ~~~~ S , (w )e~~~ dvi . ( 3 . 1 0 )

Us ing equation (3. 7) we have for the ~a rkov sequence of firs t ord e ’

c ,~~(~~) = c r ~ (3. 11 )

_ _ _
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where

c =
3 -1 — r

Since the cova riance function is symmetric in k

c~~. ( - k )  = c~~~(k)

we obtain

c~~~( k ) c r ~~ (3 .12)

a nd using formula (3.9)

S d~~(W) = c r  ~~~~~ . ( 3 . 1 3)

4ft e r s o m e  re a r r a n g e m en t  t he  s u m m a ti on o f t h e se r i e s  w i l l  r e s u l t

in

S , r (W ) = 

~ e L
~~— r 

(3.1 41

or ’

S . ( w )  = 
I 

- , (3 .  15 1
( 1 - 2 r c o s w - i - r )

- “ c na ve d e t e r m i  ne -J the sp ectral d e n s i t y  from tn e c o v a r i a n c e

u n c t 1 an



— --~~--- ~~~~~~~ -~~~--~~~~~ 

i~
I
~

16

A Narkov se quence of second order , a l s o  c a l l e d com-

pound Markov se quence or Yule sequence , is characterized by two

co r r e l a t i o n s  r 1 a n d  r , . We can def i ne it by th e fo l l o w i ng
equation

d . -a d . - a ,d . ÷ e • (3 .16)
1 1 i — I  — 1- — —

w h ere th e coe f f i c i en t s a 1 and a~ a r e  r e a l  n u m b e r s an d sa ti sf y

a 1 ‘- 1 , a , , 1 . T h ey are connec t ed to t h e c o r r e l a t i ons r 1
and r~ by

r 1 (1-r ,)
a 1 

= — _________

- 1 - r ’
(3.17)

- r~
a , = — __________

1 - r 7

or c o n v e r s e l y

~~1r
1+a ,

- 

, (3 . 1 8)

a 1
= - a , +

- - 1÷a .

The spectral density of such a sequence is given by

= c . 
L W  

( 3 . 1 ? )
a —a

~ 
e —a )

Us i ng

e 1’
~-a 1 

= ( e ~~
’ -3 . I ( e~~~~- a ,
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an d r e p l a c i n g ~~~ by we obtain

S .1 ( w) = c 2 (z-a ,)(1-za 1 ) (z-a2 )(1- :a

an d a p pl y ing par tial fraction s

S , ( w )  = (a -a 1-a~~a~~) y~ +

- 

~~~~~ ~z- . 
+ l

l
a z)}. (3 .20)

The function s 1/ (1-a 1 z) an d 11 (1-a c :) a re regular in the uni t
circle. Hence the series expansions contain only nonnegative
p ow ers  of z . T he func t i ons  a 1 /(z-a .) an d a c (z-aj are re gular
ou tside the unit circle and have series expansions -

a — 
—

z-a -
i= 1

for : -‘ 1 . E x p a n d i n g  in t h i s  w a y  and using e o u a t i o n  (3. ID)
we ca n deter m ine the co van i a nc e s

c , a 1 k 
a , - -

c ..(k) a 1
’ - 

~~~~ (3.2I ~

T he varian ce - of the second-order ‘~ar kov seq u ence
can he expressed in t e ”ms of th e v an ance . C u se eq u a t i o n
(3. 16) in ti e form

a . = U . a - U . 

-- -~~~~~~~~ 
-- -~~~~~ -- -~~~~~~ - - -- - - ~~~---
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and take statistical expectations on b oth sides

E~~(d . -Fa 1 d . 1 +a~ d . 2), (d 1 ÷a 1 d 1 4-a~ U . 2)}

= (1+a~ +a~ +2a 1 r 1 +2a~ r c +2a a )r )  .

Su b st it u t ing  r 1 an d r , i n t e r m s  of a 1 and a 7 results in

1 + a ,
-~~~~ 

= , (3.22)MM N ( 1 a ) ~~( 1 + a )~~~a~~}

Equat ion (3.22) can be used to determine the factor c , in

formula (3.21) .
F i gures of cova r i ance fun c ti ons of Markov  se q uences  and

of the ir corresponding spectral densities can e.g. be found in
K endall (1976).

Markov se q uences o f h i gher or d er can b e g enera te d i n an
a n a l o g o u s  w a y .  The bas i c eq ua t i on

d . = — a d . - a ,d . , — d a . ÷ e . (3.23)1 i,—1 — i — ~~ i — : ~

has the spectral density

S (w) = C , - , - 
1 

, - , (3.24)
— e 1W

~ a I e~~ —a , — . . . . i e
1W
~ a

w hich can again be used to determine the cova n iance function.
Th e use of s t a t i o n a r y  ~l a r k o v  s e q u e n c e s  i s  g r e a t l y

f a c i l i t a t e d  by the simple way in w h i c h  they can be generated.
E - i uations (3.4) and (3.16) can directly be used for this puroose.
Su b ro u t i nes for  normal  d ev i a t es e . a r e  u s u a l l y a v a i l a b l e  in
program l i b r a r i e s .  0the~’vi i se , e f f e c t i v e  m e t h o d s  to c o m p u t e  n o r m a l
d e v i a t e s  are e .g. given in H amming (1962). I.e then assume

_ _ _ _ _ _ _ _ _ _ _ _ _  ~~~~~~~~~~~~~~~
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an d previous terms to be zero and run the series for a number

of terms until the effect of these i n i t i a l  assumptions has be-

come negl i g i b l e .  From this point onward s the series can be re-
y a r d ed as  a ‘larkov sequence. To r e a c h  thi s p o i n t i n a s m a l l
n u m b er o f s t e p s t h e  n o r m a l  d ev i a tes a . s h o u l d  be m u l t i p l i e d
by ( /:~~)

1
~~~ or (~~~~ /~~~)

1/2 to o b t a i n  the r i gh t  s i z e  of the - -

v a r i a n c e  fo r  the v a l u e s  d . . These rati os can be obtained from

formulas (3.3) and (3.22).

4-. Results

The data use d in the following comp u t ations h a v e  been

generated by DMA (Howard , 1976). It had been requested tn at the

v ar i ance of t he grav i ty anoma l i es a t ground l e v e l  s h oul d b e
c l o s e  to C = 1650 mg al~ and that the variance of the horizontal

0 -)

derivatives of og at the same level should be about G = 100 E

The v a l u e  of C presupposes that a regional part of the g ravity

f i el d c o r r e s p ond i ng t o an ex p ans i on of a b o ut d e g ree and or d er
10 h as b een sub t rac t e d. The fi el d ha s b een genera t e d us i ng a
grid of mass points - ‘iith a spacing of 10 ’ at a depth of 40 km. T h e
total area is 10°x15 3 , i .e. about 0150 mass zoint s have been

u sed. The m a ss points have either a p o s i t i v e  or a n egative m ass

of cons tant si:e or a zero mass. T h e  selection .-~as m ade accor-

ding t o e  normal d i s t r i b u t i o n .  ~1ore d e t a i l s  on th e s i m u l a t i o n  cf

the data can be found in Howard (1376)

In view of section 2 this model has some r e s t r i c t i o n s .

The depth of the generating masses is about 2.2 ti m es the m ass

point spacing. Judging from tabl es 2.1 and 2.2 the h i ch f-C-

3u ency part of the first and secon d order grad i ent s w i l l  be ver y

small a n d  the respective fields w i l l  be smooth. F-u~- ther m or e. tie

- ap o roxi m ation of statione r y white noise by a jum p process .-~i tb

three possib l e  states (+ ,- .C) see n s somew hat i n a d e 4 u u t e .  F u t u r e

models should at least have t-.-~i c enerati r - g p l a n e s ,  one 3t a

of a bout 40-60 km , the other at about 15-25 ~m . Tie d e n se p o i n ~
spacing is only necessa r y on the uoner p l a n e .  tn e l o wer one :~ 3v

_______ — - —~~- --1 ~~~~~~~~~~~~ ~~.—._ ~~~~
- - .- — 

~~~~~ - I-— 
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have a much wider spacing. The poin t masses should be taken from

a normal distribution with the larger variance on the lower plane.

The followin g results should be seen ‘with these re-

s e r v a t i ons i n mind . Thus , s ta t emen t s about  a c c u r a c y ma y nee d

some qua l i f i c a tion w h i l e  the conclusions about operational perfor—

mance shou ld  be f a i r l y general. Since the lat ter was the main

ob jec t i v e  of t h i s s tu dy the re was no immed i a te nee d for a mo re
e l a b o r a t e  mo d el .

F ig. 4.1 shows the simula ted anomalous gravity field at

ground level with 20-mgal contour lines. T h e  f i el d s h ows  l a r g e
varia tions with the extreme points at about plus and min us 120 rnga l

and t~ = 174 1 mga l 2 
. The var i ance  

~ 
is at about 96 E-

The formula use d to estimate gravity anomalies at ground

l e ve l  f rom the s i m u l a t e d d a ta a t f l ight l e v e l  i s

s = C C ~~ x (4.1)

w here s is the v e c t o r  of  g rav i ty anomal i es , c a l l e d the s i g n a l ,

an d x i s t h e  v e c t o r  of s i m u l a t ed d a ta , c a l l e d o b s e r v a ti o n s  i n
the sequel. It should be noted that contrary to section 2 and 3

cova ri a nc e matrices are denoted by capital letters to s i m p l i f y

comparison with other p u b l i c a t i o n s .  C is the autocovari a nce

matrix of the observations. Since

t = x — n (4 .2)

we h ave

C = C + C (0 .3)
tt

where t refers to any first or second order gradient used as

observa tion and where n is the error give n by one of the error

mo dels. C contains the crosscov a ri ances be tw e e n  s i g n a l  and

observation , and since s and n are cons i da re -i to be unco r-

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
_ . ,  
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re la ted we have

C = C
S X  St

Both , s and t are quantities of. the anomalous field. The i r
ma thematical relation can be expressed by integral equations or

infinite series. In formula (4 .1) these relat ions are contained

in the c o v a r i a n c e  m a t r i c e s , i.e.  a ll i n f i n i t e  o p e r a t i o n s  have
been performed on the covariances withou t approximation. Thus ,

we have a cons istent model for heterogeneous observatio ns and

this characterist ic property is preserved even if the covariance

funct ion is not optimal.

The covar i ance func tion used in this report has been

described in Schwarz (1976). It has the advantage of numerical

simplicity and it agrees well with statistical estimates of the

anomalous field. Three of these estimates have been use d as *

essential parameters for the covariance function , namely

C 1500 mga l 2 p = 61 km G = 111 E 2 , (4.4)

where C is the variance of the grav ity anomalies , p is the

correla tion length of the corresponding covariance curve , and

G is the variance of the horizontal derivatives of the gravit y
0

disturbance. Al l  quantities refer to ground level. Fig. 4.2 s h o w s
th is cova r iance function as heavy line. The das hed lin e  refers

to a covariance function directly der ived from the simulated

grav ity field using a set of 9600 points spaced at 7~ 5 intervals.

I ts essential parameters are

17 41 m gal  = 5 2 km ~ = 96 E . (4 . 5 )

I t w i l l  be used later on to dete rmine the influence of wrong

assumptions in the cova riance function on the esti m ation.

_ _ _ _ _ _
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Fig. 4- .2 Gravity ano m a l y co var i a nc e funct ions use d in the
computations. - -

The observations at flight level (10 km) have been gener-

ated for a fli g ht speed of 500 knots and an integration interval

o f 10 sec. T h u s , the se n ar a tion of data points is a constant

2 . 6  k m .  T h e  profiles are z ara ll el and run in east-west di rection.

They cove r an area of 10 3x15 3 . G e n e r a l l y, the profile spacing is

i~~, except in a s t r i p  of 2°x 15 -.-i here it is 20 ’ . The choice of

the east -w est o r o f i l e s  - l as su g -jested by the favour a ble er ror be-

hav i o u r  in t h i s - a irec ti on ( ‘le iss l , 1970) and bec a use s i m u l a t i o n s

are es~ ec i e i l j  s i m o l e  w i t h  such an arra r ’gement. There are no b a si c

c na nnes , n o ,.4ever , if an a r b it r ary d i r e c t i o n  is used as long as tne

pro f~~le s rc- ’ia~~n n a r a l l e l  ~nJ the data points hav e a consta n t

SC C r ’ C t i -) I

n es bee n 5 d m - i n i n  S ch - .-iar : (1976) that the a cc u ”~~:y a’

tie e s Y m a t i n i s -ia~~r l ,~ dependent on the point con~~ o u r a t i o r ’

an d nc so m u c n on t n e  nu m ber of obser ve t~ ons ~ sad. On the O t h e r ’

ha ~
‘ i , i t  na s oeen p o i te d O’j t tia for rca s zn s o~ re l ii  b i 1 t y

____________________  - —---__ -, -~~~~~~~~~~ =~~~~~~ ,~
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all a v a i l a b l e  data should be used. To combine both viewp oints the

followin g approach has been taken. An optimal point co n f i g u r a t i o n

is chosen de pending on the profile spacing and on the size of

the mean anomalies to be estimated. With the above co n d i t i o n s

on p a r a l l e l i s m  of the profiles and constant point separati on we
can move along the prof iles without changing the operator R

R = C C 1 
. (4 .6)Sx  x x

Mov ing step by step from one set of data points to the next we

use all the infroma tion a v a i l a b l e .  In each step we estimate one

or several gravity anomal ies at ground level simply by m u l t i -

plying a set of observations by the pr edetermined matrix R

When advancing along the pro files we get a whole series of esti-

mation points on ground which we w i l l  call estimati on profiles

in the s e q u e l .  T h u s , even  long p r o f i l e s  can be p r o c e s s e d  ve r y
f a s t

Fig . 4.3 shows the pr i n c i p l e  of the moving operator R

for the est imation of one gravity anomaly in each step using two

Flight profiie no 1
- ~)- - 

- -C- - -C- - -C- - -0- - -2- - -c

//1~~~~~~~~L -
- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

/
ii .- - —-— —--—~~----

- - u’.: :ut
~~~~~~~~~~~~~~~~~~~~~~~~~///,~~~~~Tmm t m o m  -c ; -~~m m  -

F~~~~~-ci~ e ~o 2

\ \ -
~ / : /

\\ 
\
\~~ 

-

/ 1  -

~ 

~~
- 

I

- Interpoi.ctiofl profil.e

Fig. 4.3 Estimatio n by a m o v i n g  ope r ator
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profiles of observations. O bviously, the addition of more esti-

mation or more observation profile s does not change the basic

p roce d u r e .  .‘ie can es ti m ate point as wel l as mean gravity a n o m a l i e s

by this method. It -ia s fc~~nd , however , th a t m e a n  a n o m a l i es s h o u l d

not be determined by a mean an omal y covariance function. The

smoo thing o ropert i es of this function w i l l  cause a considerable

l o s s  0F informa t ion. SUnkel (1977) has derived detailed for m ulas

to es t i m a t e  the loss o~ accuracy for a g iven block size and a

g i v e n  cov - a r’i ance ~unct io~~. Fo avoid such a loss the ~ol l o - .’~i n g

m etho d has be en ai cote -i to determine m ean values. Depending on

tie s ize o~ tne b lo c~ 3 to 5 es tim a t i o n  profiles are used at

ground l evel and ~rav it y anomalies are estimat ed along these pro-

files at the same rate as taken at f l i g h t  level. Thus , i n o u r
case the separation of the point gravity anomalies along the

est i m a t i o n  profiles is 2.6 km . A l l  v a l u e s  i ns id e a b l o c ¼  a r e
average d to obtain the mean val u e .  In this way the accuracy of the

point estimation is m aintained -and we obtain an averaging pro-

cedure which is linked in a simple way to the estimation method.

i t has oeen sho w n in Sc h- .iarz (197~~) that ,~c , T , and

T, : are the most important observations when e s t i m a t i n a  g r a v i t y

anomal ies f r o m  east - .-ies t p r o f i l e s .  These three meas ure~ ent s nave

therefore be an s i mu lat e -i i n  each data point at f ii - 20t l e v e l .  T o
g i ve -an idea of the accur a c y of poin t  e s t i m a t i o n , fig. 0~~0

a bout 3
0 of an estimation o rof ile ob t a i n e d  from r l i a n t  o”of~~les

spaced at 20’ . The standard error fo” tne o g — o b s e r v a t i o n s  is

+ 1 m - J a i , that of tie g r a d i o n e t e r  observ at ions I E .

normal error model has been use d . The he avy l i n e  S flO’i 5 the e~~i Ct

profile of the s i m u l a t e d  f i e l d  at ground level -in Ic th e ~-‘ a v i t . -

anomalies estimated fr o m the corrupted data are re p - -es en~ -~ ~~j

dots. The agreement is very good w i t h  a s t a n d a r c  er ”or o~ ab o .

~~3.3 n g al for the n oi~~t e s t i m a t i o n . to cete r -’iin e h~~- -i -iu c’~ D

t n i s  erro r is due to i n t e r o o l a t i o n  and h o- -i nu c o ~o
c o n t i n u a t i o n , - _ -I c h a v e  d e t e n r o i n n i  a n  i ” t e ” c o l a t i o n  :~- ‘ o f ’ l ~~~~” ’ m
t i e  s a m e  d a t a  bu t  ~h i s  im e l o c a t e d  i i r a c ~~’ - ,  b e l o w  o ’ - e  c ’
f 1 1 gh t a ro f ii e s . The ~ a ‘id a error ‘e c-a s 0 1 . ~n m-’~ ~ ‘i -.

.--—

~

-- -- --- -- - - -  ---- - 
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we can say that with the above configuration a measuring error of
+ 1 m ga l at flight level w i l l  be a m p l i f i e d  by d ownward cont i nu—

3 ti on to about ~ 2 mgal and when interpola ted between two oro-

files 20 apar t to about + 3 mga l . A dense profile spa cing

w i l l  t herefore improve the accuracy considerabl y.

Results for mean anomal ies are given in table 4.1. The

same error mo del as above has been used. The numb er of mean values

estimated in each case is given and although the sample size is

small in one case , the internal consistency of the different

values is good . For comparison results obtained in t~ e co r r es-
ponding accuracy analysis (Schwarz , 1976) are also s ho wn. In

genera l , the figures agree well. But the accuracy estimates seem
to be somewhat smaller for block sizes below 30’ x3 0 ’ and l arger

for block s izes above 30 1 x 3 0 ’ .

Bloc k Profile number Simulation study Accuracy study

size spaci ng of values (mgal) (mgal)

15’ x 15 ’ 20 ’  232 + 2 . 2  + 1.7

30 ’ x30 ’ 20’ 112 + 1.3 + 1.7

1°x l° 20’ 26 + 1.3 + 1.~

i°x I° 10 78 + 4.6 5 .5 -

Table 4.1 - -~ccurac y for different block sizes as o D t3i ne - i f”on

simulat ion and from accuracy studies.

The influence of different error m odels has been s t u - d i e:

for  a num b er o f c a ses . T ab le  4.2 g ives results for - rea n I / 3 l - ~~~C;  c
15 ’ x lS ’ , a p ro f il e  spacing of 20 , and a standard error of t ie

gra dio m eter observations of m ,~ = + 1 E . ~o ”mal a n: ~ a r~~ov
mo del; nave been com p uted f o r  d i f f e r e n t  v 3 r ’~ a n c e s  tne ‘ a r ~~o~
model is of second-order an d has the correl at ons r , , 3

a n d  r’ , = — 0.33

------- —-~~- — - -  — - . —‘---------._- --‘- - - -  —_----_-----_--- . - . - _ —_ ---- -~~~~-—- _______ _ _ _ _ _
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Bloc k Profile Number Estimation error m in m ga l

s i z e  s p a c i n g  of values (mga l ) N orm al ~1ar kov

15 ’ x lS ’ 20’ 232 + 1.0 + 2 . 2  -
~~ 2 . 3

+ 2.2 -1- 2.8 ÷ 3. 7

÷ 5.0 + 4.5 + 10.7

T a b l e  4 .2 Compar ison of error models

The resul ts are remarkable because they show a si g n i f-
i can t di f f e r e n c e  in th e gene ra l  b ehav i our o f t he tw o er ror mo d e l s
once the var iance has reached a certain size. Wh i l e  there is not

much difference on the + 1— m ga l level because interpolation

and downward continuation contribute the largest pert to the error

budget , the d ifference is quite obvious on the ÷ 5—mga l level.

For the normal model the estimation error at ground is smaller

than at flight level while for the M arkov model it is more than

twice the size. In the first case the error in ag is controlled

by the accurate gradiometer data. In the second case the variance

of the generating process is enlarged by a factor of almost

3 due to the correlations in the Mar kov sequence , see  fo r m u l a
(3.22). This raises the standard error of :~~, 

= + 5 mga l  t o a b ou t

= -‘- 8 .5 m g a l  . T h e ac tu a l  es ti ma t i o n  er ror ii = + 10 .7 mga l

is even larger because signal and noise cannot be separ ated as

w e l l  as i n c a s e  of t he n o r m a l  m o d e l . T h us , results w i l l  deteri-

orate considerably if the errors in the a g—values at fli ght

l ev e l are  c o r r e l a te d and if t he i r va r i ance i s no t ex t remel y s m a l l .
The situation is even worse if the data are corrupted

by systematic errors. Only a few examples have been com puted

an d more r e p r e s e n t a ti ve s t u di es ar e necessary. Bu t a systematic

influence at the 5— mg al level ma y  already turn the estimation

resul ts useless for aeodetic purposes.

F i n a l l y ,  some inv e s t i g a t i o n s  have been ma de on the in-

fluence of wrong assumption s in the cova riance function . So far ,

onl y the cova n iance function C(s) with  the essential pare-

m ete r s (4 .0) has been -used. it w i l l  no -i be compared to the co-
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variance function c (s) determined from the simulated data with

the parameter set (4 .5). To h ave an easy d i s t i n c t i o n  the latter

w il l  be l a beled ‘ cor rect covariance function ’ . Resu l t s a re g i ven
in table 4 .3. As could be expected the correct co v ariance func-

Block P rofile Estimation error m in mga l
S

s ize spacing C(s ) C(s)

15 x 1 5 ’ 20’ + 2 . 2 2 .1

30’ x 30 ’ ± 1.8 + 1 .~

1 3x 1D ÷ 1 . 3  — 1.0

1~ x 1~ 1~ 4.6 + 6. 2

Tabl e 4.3 Comparison of different covariance

f u n c t i o n s .

tion t (s) gives s l i g h t l y  better results for all b l ock sizes w h e n

a profile spacing of 20’ is used. T h e di f f e r e n c e s  a r e  no t l a rg e ,

h o w e v e r , and — w e c a n  c o n c l u d e  t h a t  t~~e c hoice of the covariance

f-u nction does not affect the e s t i m a t i o n  v e r y m u c h as  l o n g as  t~ e

esse nti a l  parameters are r easonably close to the e m p i r i c a l  v a l u e s .

T h i s  c o n f i r m s  r e s u l t s p u b l i s h e d  i n  ~-~o ri t: (1976). It should be

kep t in min i , however , that these r e s u l t s  are v a l i d  for i s o t r o p i c

co va r i ance functions only and may not hold in more d i f f i c u l t

cases.

The last l i n e  of ta b l e  4 .3 w hicn  sho w s the 1°xY me an

for a p r o f i l e  s p a c i n g  of i 3 a p p a r e n t l y c o n t r a d ~~cts the above

c o n c l u s i o n .  In this c a s e  t:n e C ( s ) - f u n c t i o n  o i - i e s  m u c h  5 e t t e ’ ~ ‘c-
s u l t s .  The  mos t  p r o b a b l e  e x p l a n a t i o n  i s  t h a t  the  d a t a  3’è flOt

dense en ough to g e t  a u seful estimate from the ~ (s~~- f u n c t i o n . Tie

co r r e l a t i o n  length ‘

~ i s  s m a l l e r  th a n  o~ e h a l f  of the o r a~~i l e

so-acing and it has been found that results n ay beco m e v e ”v ooo~
in  s uc i  a case. Thus , e s t i m a t i o n  w i t h  a non o o t i m a l  co~~a r i a . 1 c e
f u n c t i o n  - ia , r, s o m e c a s e s  :r i e  be tte r r C s u l t s .

.-- --— —-‘ - --~~~~~~--_- - -- —- —.-- - —----— - - — .
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5. Brief Descr iption of Pro grams.

The programs and a sam p le com putation have been added to

the report. Since detailed comments are given in the subroutines

we wi l l  present only a brief survey of the programs and point

out a few restr ictions in the prese nt version.

Basically , the program computes point or mean anomalies

at groun d level from measurements at flight level. Ter re strial

an d satellite observations may also be added. It has been assumed

that some pre p r ocess i ng of the a i r b orne d a t a has t aken p l a c e , and

that besi des 5 second— order gradients the value of ag is avail-

a ble in each observation point. In the present form a total of

7 observations per point can be read but fewer are possible. All

data should be available on a direct access file , The subrou t i ne
ZIII F selects the o bservation profiles needed for the estimation

of a specific point. The subroutine DATS reads these profiles and

deletes those measurements which are not needed. In this way the

core storage requirements can be kept re l atively small. Further-

mo r e , the simulated data from the file are corrupted by one of

the error models in DAIS. This part of the program must be deleted

w h e n  h a n d l i n g  real data.

The number of es timation profiles for a specific mean

value is fixed in VMEAN. We have used 5 estimation profiles for

bloc ks larger than 40’x40’ , 3 prof iles for blocks larger than

5’~~5’ an d smaller than 40’x40 ’ , and 1 profile for blocks of

S’ x 5 ’ an d point values. If more than 5 estimation profile s are

used the c o r r e s p o n d i n g  DU- I E N S I O N - s t a t e m e n t s  have to be changed.

T h e c o v a r i anc e m a t r i c e s  are se t u p in the subroutine PLAY w h i c h

uses the subroutine COVAX to determine the i n d i v i d u a l  covar i ances.

The es timation according to formula (4. 1) is done by the subr ou-

ti nes F IX  an d SCAN . The su broutine COMPA compares these estimated

values to the true values of the s i m u l a t i o n  which are again

store d on a direct access file. The error computations are also

performed by this subroutine. A gain , this part of the progra m

m ust be deleted when h a n d l i n g  real data.

Three of the subroutines used are not l i s t e d .  The sub- 

-~~ -_------ —-- -— .-- -- —-—— - .- -. _ - - -~~~~~ ---- -,---— -
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rou tine CO y-A X has been publishe d  in (Tschern ing, 1976). Three cor-

rections w hich have been communicate d by the author are li s t e d .

The su broutines D SI N V and GAUSS are a v a i l a b l e  in the Fortran

Sc ientific Subroutine Package which can be found in 1B !1 publi-

ca tions. The f irst one inv erts a double precision matrix stored

in a one-dimensional array, The secon d one géherates normal de-
via tes

In i t s  p r e s e n t  fo rm the p r o g r a m  a c c e p t s  f l i a h t  p r o f i l e s
in east-wes t direction with 4200 observations each. Th i s cor res-
pon ds to a profile length of 16 if the flight speed is 500 knots

an d 6 m easurements are taken at each poin t, From a total of ii

profiles a maximum of 5 profiles is selected for each estimation.

Since the storage requirements are strongly dependent on the length

o f the p rof i l es , a sub d i v i s i o n  of longer profiles might be con-

s idered. Because of the use of the direct access file an increase

i n t h e  n u m ber of p r o f i l e s  i s  no t c r i t i c a l  as  l o n g  as  t h e m a x i m u m
num ber of profiles in the core storage is kept to 5.

The speed of the data processing depends mainly on the

number of f l i gh t  prof i l es  use d i n each  es t imat i on an d only  to a
smaller ex tent on the block size of the mean value. As an exa m p le

mean v a l u e s  cove r i ng an area of 6°x13 ° have been com outed using

the d a t a  c o n f i g u r a t i o n  and  the c o v a r i a n c e  f u n c t i o n  g i v e n  in
s e c t i o n  4 . W i t h  an a v e r a g e  of 3 f l i g h t  p r o f i l e s  fo r  e a c h  e s t i m a t i o n
abou t  30 s e c o n d s  of CP ’J t i m e  are  needed  to d e t e r m i n e  75 b l o c k s
of 1°xl ° ; for 5 p ro f i l e s  the  t i m e  r e q u i r e d  i n c r e a s e s  to a b o u t
50 s e c o n d s .  If we es t i ma t e 300 b l o c k s  of 15 x 1 5 ’  i n s t e a d , a n o t h e r
10 m u S t  be a d d e d  to  the t i m e  e s t i m a t e s .  Thus , e v e n  l a r g e  a m o u n t s
of  - d a t a  can  be p r o c e s s e d  in a r e l a t i v e l y  s h o r t  t i - n e ,

- - -_ -- ~~~~~~~~~~~~ ~~~~~~~-—--- ——-~~- -— - —~~-~~~~ — ~~~- - -— - ~~~~~ - - - ~~~~~ 
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6. Conclus ions

The s imu l a t i o n  s t u d i e s  p r e s e n t e d  in t h i s  r e p o r t  show  t h a t
l e a s t - s q u a r e s  c o l l o c a t i o n  o f f e r s  an a d e q u a t e  mode l  to e s t i m a t e
gravi ty anomalies from airborne gradiometer measurements. The pro-

ce dure is simple numerically and all ows to handle large amounts

of data with regular requirements on core storage and small demands ~
on compute r  t i m e .

The deviations of the estimated gravity anomalie s from

their tru e values agree well with the estimates obtained from

correspond ing accuracy studies (Schwarz , 1976). It should be noted ,

however , that  c o r r e l a t e d  e r r o r s  in the m e a s u r e m e n t s  w i l l  s t r o n g l y
influenc e the accuracy of the results. A second-order M arkov se quence

has been used to model the error pro cess along the profiles. De-

pending on -the size of the corr elations and the variance of the

p r ocess , the mean-square errors w il l  more than double as compared

to the u n c o r r e l a t e d  c a s e .  S i m i l a r l y ,  a b i a s  in the d a t a  w i l l im-
pa i r  the a c c u r a c y  of the r e s u l t s  c o n s i d e r a b l y .

The simu lation of g r a v i m e tr i c q uan t iti es f rom .a po i n t  mass

model is considered in the spectral domain and con clusions are

drawn w ith respect to the resulting fields. In or d er to re p resen t

adequately regional variations of the gravity field as well as the

local behav iour of the second-order gradients the medium and the

h ig h f r e q u e n c y  p ar t of the  s p ec t r u m  m u s t be mo d e l e d e q u a l l y w e l l .
Th is can only be achieved by using several planes of g enerating

masses at differen t depths. In many cases a model with two planes

may alre ady be sufficient.
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A ppendix A: Computer Programs

r
C S I M U L A T I Y ~ ST ’ UJY A TR ~~O RI~IE GR~~O 1 O M E T R v
C
C THE P~~OG~~A ’~ C O M P U T E S  P J I N T  A’ ~D M EA ’I  G R A V I T Y  A~.’~~A L ES O- ’~ G~~OU’ I0 F UDM
C A E R I A L  G~~.4 V : T~ ~ i~u G~ A C JM!i~ l EA Su ~~~~~ i~~S ~:.i) Fi~JM G E J I 3  ~FC~~~

- ’~~~T i a ~.
C Pk 3~~I O E O  -jY  S A T E L L I T E  A L T ” tT-’.Y. i’-’~ C t M P u T ~~fl JA L .IES A~~E cO MPA 7EJ ~:C ‘ T R ..E’ v~~ ‘JES Ge~~~~~ r - z  ~~ ~ -‘~~SS A: , M A L Y  ‘ L .  O E i ~~A T I O -~S ~ s ; iv ~~’:C FG~ ALL cu~Pur~ .) V~~L J E O  ~

-
~D T ~- E E F F E C r  J F 1 T~ P E S T ~~Q b ~~T r u ns  ~~C I~Inti S CA - I  ~E GI~ t i - ~H1~~E) .  A T  T H E ? R E S E ’ ~T S T A G E  T r-i E P~ u -~,~ A ’  ~S ~FS~~,I C T E

C T O E’ . s T — .ic ST P F IL ~~5
c

IM P L i C I T  kE~~L ~~~~~~~~~~~~~~~~~~~~~
CC-~~M O-\ / T L G ~~/ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

L, TRA’ .SI Ifl,S~~(5I ,OJ, t. -i ,4,51I, ~~.~ ;,Z (E ,--.aOO) , 4 ’~P (12~ ,c~~K P( ~~~~~~~~
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

- C-OM~-4o~ /C- ~C JV/C I ?~~,L~~( 5I ) q S I G M A O ( 3 O O ) , S L 4 ( 3 Q O I , K I ( 2 D ) , ’,L ,LCCA L
CU’ - q4 O ~ / Sri T/ Z Z t 3 , }
Dt -’~E’i5 I3’~ A A ( ,4~~) , ( 2 3, A ô ) , E B 2 ( O 3 . 23~~, G J ( I O J , G C O 1ui ,C ~~~I~~I
D L ’ ~E — J ~~I j \  ‘i A A I 110 ,~~St ~~ i2 , ~~ )
FQ ’ J I v A L Z ’ I CE ( A A t l , t ~~,.t 4 , ~, ( i ~~~
C a - T A  GM ,~~E , a . ;~~,.. 1-, ,~~ 3 7 : . - a o 3 !  - 4

C
C SE M L A - ’I K- ’~O EJ S  OF T’IE E~~RT H
C GM ~~ 30 ULT O~ T H~ A / i i A T 0\-’~L cO~l S T A ~~T A’ ~D T~~E ~AS S OF THE E A 7 T H
C nia co~~--i~ A~~E~ /r:~~i is -i~a r - TRA ~~S F C R  OA T A W~~ OM T HE A~~4
C P~~t O R~~” ru A L L  OT H ER S’J~,~~

,
~uT1~,E 5. THE c:~ r n  A R E A  /C COV / IS uSED ~~j

C T R A , S ~~~R G A T A  F~~u~ T~~~ ~~~~~ P~~G u S AM V I A  T HE S u B R O u T I ’ ~E P L A Y  T O T~~E
C su~~Kc...nI 4E ~~ V A X .
C

CO • l . C ) o f 5 7 . a 9 ~~~ 7S~~:O O
coo • coi~s.
MA •

= M A / 2
oo L b  t L , MA

Di) ItO u 1 , M A
00 113 ‘. L , M 8
A A ( t , J )  0.

110 E~~(~~ . l )  0.
DO 1 11 I i ,~~i2
R , c t I . 3 )  10-2 .
00 I L L  J~~L , Z
Rk ( I ,J )  = -

DO 111 ‘ 4 , ~,1 1 1  R R (  I~~ a.

C D A T A  I N P U T
C
C I N P U T  C 3 v A R i A - ~CE nj - ~cT:u ’4
C

100 R E .~O (C ~~ fl ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
‘ F( F MA T  ( 2 ~~~t , .~

’ .4 t 5 , L . ~~:n ( 4 . ’.~~.O )  Ou Ic) LO t
l OCA l.

101 Ml ‘4 1
= t, ‘it)

____________ — - - .-__ --_~—~~~~. ~~ —--.~~~ — —.-- ~~~~~~~ - ~~ —~~~~~——_.—~_ --- --—~~‘-_ ‘-~  ~~~~~~~~~~~~~~~ — -
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13  F 0 R ’ A T 1 j 2 ~~’,. 2 )
IF ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ • 1, Nb)

7 F U R : I A T I ’  ~~Y t ~c I~~A L i.NC~~~LY -JE- ;~~E E — d A R I A ~~C E S  \ ~ n t T s  ,~F ~L - ~~~2 : ’ ,

C - -

C S S Q u A R E  OF T H E R A T I O  3 E T .~EE.~ RAC IU S Of THE 8JE~~-i-~.~ ~ S?-4 EN E A~
;

C MEA N R A J 1J ~~ OF ~HE
C A C J - ~S t A ~.T ~ .\CTCK OF U~~A - ~’ I T = A u O - i A L V 0 R EE — ~~A~~:~~~~€ ~ JCE L
C 1 ( 1 ( 5 )  ‘, U ” O E R C~ OE E S—IA ~~~~ RD -O EL ~S CF~~~I~~I~~) I~~
C T S C H A D .~ I \ t  b I :C~~i . j  ~ ~ EXP RES. I~~’~S ~~~ 1—2~~-. ~~~C L Q , .ER a~--i r~ ;~~~ : . A r r v Es r~~s ~~.o ~~~

-
~ o -~s ; r e - iI

C as u ;~n p T  -
~~ 2 2 5

C P O S S I S L E  -
~~ ~

_ :rS 1,~~,3
c K 2 , c 3  T N T  or - i2  .Y,J  - :n ‘--u~~l- -

~~~4 un in T5:~~~~~~i-~O i j ~~7’).
0 N O C O R E E  ~ A~~~ A ’ ,CE j~ T’J I .CL l J ~~f l .2  D S G A E .  ~~~T - t E’
C 10_ A L  E ZJ 4L ID 12~-~ ~k ~~~~~~~~~ :~~ E ’ P I a : C A L  -D EE -d~~~~~~ - - E - 3 .  :~ .
C F I R S T  C~~~~E ~E ~ O -5 I C ~~L ~ -~~~:~~ EL~ ~oa~~ -ML~~r ~E ~~~~~~~~~ 

:- .
C SECO N D CAS E .~~-~LSE. T~~E ~~~P I R t - _ A L  .~V i ~~ Y — ‘ A L ~ JEO ~~EE
C —V A R I A N C E S  “US T ~~~~ ~~ J ’TS OF -~GA L S~~~~ -~z 3 .
C
C - - INPUT FL u— 4 T ?~I~~FI L E S  A~~D -1 Ei SO~~E n t S
C

REAL ) ( 5 , 1 1  N l , V M M , v t ,~~< L
1 FO R M A T  ( 1 5 , 2 0 1 2 . 2 , 1 5 1
00 2
SE4~0 (5, ~ I (I I ,C I , O (  I I .  ON ) I)  , ‘ D (  I ) ,  Goni 1 ,KK I II K’~~~( H,

1(ID(I, J ) , J 1 ,  7 )
3 FU~~” A T  1b0 7 .2,15,JYO)
2 D I I )

C
C MN NU~i 3 EP. OF FL I G HT P R O F I L E S  O~~S ER’J ED
C A K :IUMOER OF ? J I N T C  ~ES P R O F I L E
C KK K NU~I3 ER Or ~~ S~R E u ~~’. T S  P~~~
C K KL NUM3~~R OF R O O O P OS IT~ a~ READ ~~~

rj” ~~ c” ~ L:GHT F IL E
c V M I  ~ E & N  V E L O C I T Y  OF A i ~~~~ A P T in K N O T S  PE~ ~ u-i R
C v i  MEAN I N T E R v A L  ~ E T - ~E E - , 0 E S O R v ~~T ; T h 5  IN S E O T h . ’ S  O~
C S L A T I T U C E  i~. T ~~~L ):~~lT
C C L J N O I T UO E J F I N I T I A L  ~ j t N~
C 0 A L T I T U O E  OF I N I T I A L  , 1nT
C ID NJ~lc I~~PS S P E C I F Y  ~~~~5 J R F ” F N T S  ~ S IN T 0 C ~~H~~I N 0  ( L ~~7 5 I
0 P3SS~~~LE ‘~~‘4~~E~~S: ~~~~~ :J 1’
C SE. Jc SCE OF • i -- E~~ S -~~~-:: .O IN,. I = L~ 55 r- .~~n ‘ “~ ~~~ J H F  - -

C THE M A L N I N 5  ;ITI ~- i 5 T  F I - ~~ E 0  ~~
-

C Z M A T ~~~X ST I.~ I ,; I-c :~ s~ R - 1Ar: ~~~ .c~ oH ;~~~ t i ~~: - . -~ ~
- -~

C P’l J~~1LE . -’F ..SiJ~~5 ’E ’iI5 ~‘-~E O T - ~~j •-~ ‘i~ - iT ~~-l ~ j : N T  I~
C O E . , j~~NL E DE S C R I a ~~D ~~ 1; .~’~~I’ .I; ‘~~~L ~~~~~~~~~~~
C TO 4 $ C c ’4c I~,O L J u ; T L : E , ) R F Z L E ;  ~ccr)r~:- ,~ TO 2~ t 2S .~~ (
C L A T I T U O F .
C Gr ‘ i A c I A ’ICE OF G E-~~~O~~~ uNO J L~~ T l J ~ IS N ‘ E I t - ~ ‘ O UA ~~E O
C GD V A R . A I L E  C EL IA  0 N - ~ 5~~L ~~-~FJ
C GOD V A - Z I A  IC E -

~~~ S SCTh2  O E - ’-~~iA I . 2 5  1
C
C 1N2 U1 1-Nt t ~~P’ ~L A i 1 N ~ p~ O F L 5 S  A N D  “ E - ~N A N O - ’ -~L Y  EL LK S

R E A O  ( 5 , 5 )  1 3 1 ,  . F Y , T O , J M . S 1 1
5 F~~~~~~A ’  l - = I 5 . 2 ~~1 - O . - ~

NM = •,~~~p 4U

S
-00 27 ~~~~~~~~~
R E A O  ~~~~~~~ II ‘ . i I l ), i i t ( , , c K I  I I

11 FLR ’ ~-~I l 2 ~~~r . 2 , 1 3 }  

—-.-~~~~~ - --- - -~~~~~~~ -~~~~~--~~~~~~— _
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27 KE KE .KK(I )
I T L  I T l~’4
READ (IF (,32) )Z ( L ,J ) , J = t , I T Z )

32 FORMAT (4A4) 
- 

—
~~~

00 31 I=1,ITZ ,4
A = K .l
RR (K,4) • 11 1 , 1 )
RR (K,5 ) Z (1,1 1)

31 R K I K , o l  Z (L,I.2)
IFI = ITZ /4-

C
C 101 — t POINT VALUE
C I M E A N  V A L U E S
C MM NU TM SER OF I N T E K P ~~L A T I O N  PR OF ILES — P O I N T  OR ~lFAN V A L U E S
C AK kE Q U I R E D  NLi ’~uER OF I N T E R P O L A T I O N  PO I NT S  ~ER f 1 O F I L E  — PO I N T  c
C OR M E A N  V A L U E S
C IF I F I L E  \Uc~3ER W HE R E ~E~~r-1 V A L U E S  OF TRU E “C -DEL 8 R E  S T O R E D
C LIZ Mu M aeS 0~ M E A N  V A L U E S  STOR ED IN FI LE  ‘IF I’
C VM SIZE OF ME AN ANOMAL Y BLOCK IN M INUTES OF ARC . ~U S T BE LEA r)
C FO~ P 3 1~ -T V~~L U-ES.
C 5-M I ME AN P R O f I L E  SP~~C ING IN M I MUT EA OF ARC
C ALL OTHE R I J U A N T I T IE S  A R E AS OEF INED FOR TH~ HL IGNT P-~C F I L E S
C

IF (101) 24,22 ,23
22 W R I T E  (6 ,2 5 )  L O t
25 F O R M A T  (// /2X, ’P A A A M E T E R  (OX CANN OT BE ZER1.EX ECUT IOM IN TE °~~U PTE0’

li/ //)
GO TO 301

2’, VM • 0.
C
C D A T A  C 3 M T R D L

~ 3 W R I T E  ( 6 , 1 4 )
14 FO RMAT (/~~0(,’D A I A C S N T R 0 L’,//BOX I

W?.!T0 (6.12) 5 , A ,~~~~ ( 5 ) ,A2,K ~~,N,L3 CA L
12 F O R M A T  I’ P A - ~ EI.RS S ? E L 1 E Y t ~~G TH E D E G A F E — ~~A~~LA -4CE “UDEL’ .11, 1-O X.

I ’S = ’ , F 14 . f . , / l O x , ’ A  • ‘ . F 1 3 .4 , / t C X , ’ i~1 ( 5 )  = ‘ ,I.. , / 1 Ox , ,.~? ~‘ , I7  ./ 10
ZX , ’ A 3  = ‘,17 ,/IQX . ’N •‘,I~ , !1 )X , ’ L O CA L  ‘.L ’/)

W R I T E  ) o , 2 C )  ~M~~,V I , V - , i” , E M t
20 F O R M A T  I/ /2A. ’~~cA ~ V E L O C I T Y  OF A I R C R A F T  IN KN OT S PER H J J ~~:~~, 9 .0 . /

12X, ’ ~L A - N I N T E R V A L  BE r~~EE’ l  ~E A S U~~1NG P S I - ,T S  I~ S E C O N D S  ~C I - ~E :  •~~~7
2.2 ,/?A, ’ I I E  OF ‘N~A N  A N u ” A L  ~L~ cR :’ .F5.O, ’-’ , ,.C,’ “ UTF ’,/2~~,
3’MEAN P K ) F I L E  5 P A 0 ~~~~ O : ’ , F7 . 2 , ’ M I N u T E S ’ ,///)

DO l~ t = 1 , N N
W R I T E  ( 6 . 1 8 )  1

18 FORM AT (~~~ ,‘FLIO-4 T P°G ILC N0’ ,13 )
W R I T E  (6,15) ( L ) , C ( t ) . S I j I , K K I X )  -

15 F O RM A T  (?x, ’I~~t T I A L  ~O INt OF PRL ILE  ~ A r r T u u F : • , c 7 . 0 . . L - .2NO Tu
LOE : ’ ,Fl . O , ’ A L T T T U U E : ’ , F 7 . O , / 2 x , ’ I ’ E . . CF P .~ I NT S  IN 7 t r F L E : ’ ,t . -
2)

19 W R I T E  (6, L i’) ON ( I I  .0-0 1 1) .,00 I L ) , )  ID ( I ,  01  . J ’ L . ?  I
16 FO ’M AI (2x , ’V.~~I~~NC E C)- ~ EL(J UNL jL~~T (JN5 :’ ,F7 .2,’ ‘~~ 3F L IA ~ :‘

l,F7.2 ,’ OF S EL OND O R D E R  O C R I V A T I V E S ~~’,F1. 0 ,/OX , ’ S P c C!~~I0 A T ON
2 M a E R S : ‘ , 7 ( 3 / )

W R I T E  ( 6 , ~~5 1 )
W R I TE ( 6 ,9 5 1 )

951 FcI -~M A T  ( Z A l)
DO ‘. I NNN,N”
IN I— NNN . b
W R I T E ( 6 , 2 7 )  15

17 F O R M A T  ) 2 ; : , ’~~~: TE ~~~-~L A T I C N  PS F I L E  NO’ , 1 3 )

IL. ~~~~ — —---—---- --—- —-— -—— -- -
~~~~~
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0 (11 = 0(I)—I000.
4 W R I T E  ( 6 , 1 5 )  E ( I J . C ( L i . D ( t ) , K K ( Z )

C
C C O M P U T A T I O N S
C —

W R I T E  )6,9~~1)
WRIOB
)~A I TE (~~,~~52)

952 FOR M A T  (/5OX ,’C 0 M ~ U T A T 1 0 N S’,//I
C
C C O V A R IA N C E  MO DEL
C

RB 2 •
1(1(3) =
A l l ’,) = K 3
LM E’O EL •

C I ( E )  A~’R ~~2~~1 . G S — 1 O
C i l l O l  S
CALL C O V A X

C
C D E I S R M I N ~~T I O N  OF F L I G H T  ° R 3 F I L E S  N E C E S S A R Y  FOR I N T E R P O L A T - .
C Nu”~~E REJ iC~~E
C

CC 30
B(~~)

30 C I 2 )  =

VMM ~~V IJ 3 6~~O.
CALL -e-IE4N I V T M )
IF IV-M )  3i1,?~3 ,28

28 ICKE
VM = V~~~COO
VV M = V~ H~ CJO
1MM = I

3O~O CALL Zi~~~ l L C ~~E . v M I
IF UT ZI 3O2 ,09,O~

2 ?  IC I C K E — ’I -i
W R I T E  ( b ,~~5 3 )  I C , I T R ~~N I ) J )  , u = 1 , N J

953 F O R M A T  / / Z x , ’ E N T E R P 2 L A r IO’~ PR OFILE N )’ ,1 3, ’ u SES ~ L 0 ~~T P R O F I L E S
L ’IOS’ ,~~‘5.U,//)

C
C C C U P U T & T L C N  Cr ~UTJC3vAR1AN C E ‘~~ (AIx  5F O 8 S E R V A T I O N S  C X X
C

303 CALL PL AY t A A ,~~~ . —1 , M A , H3)
3

DO 23U 1 1 , N J
230 “U = MU’~~K P ( 1 ) ~~K~~~~ t I)

I LL • N.J .MV
JJ 3
DO 2 3 2

“DI:)
00 2 3 2  T L t .~~~~~ K
00 2 3 0 ~~~1 . 7
IF I t O R I  I , J~~— 1 )  2 3 3 , 2 3 4 , 23~

233 0U ,TIVJE
0.3 10 23~

23’ , .JJ • J J~~t
I I  = T ’ A i S (  I )
A A ( J J ,J . )  •
3-3 13 202

235 iF I I D ’ ( I . 0 ) — 3 )  23 1 ,323,)2~.
32~ Ju =

IN 

--~~~~~~~~~~~~~~~~ ~~ - - - - ~~~~ -- -~~~~~~~~~~~~~~~~~~~ - -~~~~~~~~~~~~-- -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



33

A A (J J , J J )  = AA (JJ,JJ).G0(IN)
GO TO 232

324 JJ = JJ .i
IN = T R A N S C I )
AA( JJ,J J ) A A I - J J ,J J 1 + G O D ( IN )

232 CDN T INJ t
C
C INVERSIO N CF CXX
C

CALL O RDER l A A , M A , M U ,— 1 )
WE • l .E — ~~0
CALL DS INV l A A A , ”U,~~O F ,IE R )
IF ( LE R I  9 5 5 , -15 a, -~~ 5

95S W R I T E  (6.9 7 3 )
97 3 FO RMAT ( / / 2 X , ’ I N V L R S LON OF C O V A R L A N C E  MA T R IX  D AA Y ’ ,/ /)

GO TO 248
955 W R I T E  (6,174)
974 FO R MAT ( / / 2 X . ’ I \ S T A 6 E L I T I E S  O CURRE D DURING T HE ~ X E C U T I D N  CF THE IN

IV ERSIDI P R O G R A M .  E X L C U T X O N  I NT E R R I J ° T E J . ’ ,/ / )
GO TO 3O2

248 CALL uR OE R ( A A . M A , MU, 1)
IF ( U I — l U )  23~~,~~37.Z1b

236 W R I T E  ( 6 , 2 4 9 ) J~~,-’lU
249 F O R M A T  ( / 2 0 X , ’NU MS EA 0 50.1 5 IN C X x — M A T A I X  ERRONEO U S J J r ’ , L 3, ’”L ’

1 ,13/)
23 7 00 231 1 1 , M-J

00 231 J 1,MU .
4

231 AA (J, I ) A A (I,4)
MUM = MV

C
C C O M P U T A T I O N  OF PR E D I C T I O N  A T R I X
C

CALL PLAY (A 6 ,BB ,O ,MA ,M~~)
00 239 J 1 ,MJ
03 240 I 1 , i U M
SUM = 0.
00 240 JJ = L , MU
SUM = SU” .S3I1 ,JJ)~~A A (J3,J )

240 BBB (I,L 1 •
00 241 iI 1,MU”

241 A A I I I , J ) H3~~(I I , 1 )
239 CIYIT 1N J E

C
C C O M P U T A T I O N  OF S L O N A L (POI N T -JR “EA N V A L U E S )
C

(LI • — L
CALL OATS (K KL, ON ,Gu,~~~J , 2Z t )
CALL ~ CA ’. (A A ,TM A ,1~~M , V 4 ,R R .I C K E I

00 242 1 L , M J M
I i  242 J L , ~-j”
SUM 0.
00 250 JJ l,~~ J

25-3 SUM = S9~~.AA( I
242 B0B(t,JI

C
C C O M P U T A T I O N  0)- 0O - ~A R I A N L E  M A T R I X  LF S I r )~~A L O SS
C

CALL P L A 1  ( A A , ~~5 , L , . M & , MJ )
00 307  1 = 1 . - u- ’
00 307 .j~~1 ,M- J M

307 A A I J . L )  • A A ( I , J )
C



39

C C O M P U T A T I O N  OF ERROR CO I~ R I A N C E  M A T R I X  ~F O L O N A L E S S
C

00 243 1 1 . ’IUM
DO 243 J r L , - M U M

243 B B 3 I I ,J )  = A & ( L , J )— B ~~3( ,J)
I C K E  = I C R E + I
IF I I C K ~~— M MI 303,300,302

302 j O K E  = N-M M

C P R I N T  R E S U L T S
C -

00 308 1 : b , (E
306 R R ( L . 1 1  = S .)I,l )/CJ

00 303 1= , NN, , IM
338 3(1 1 = ~ t I i / C S

SUM = 0.
DC 10 Ir1 , MJM

310 SUM =

IF ( 4 0 - ’ — k )  3 1 1 . 3 1 1 , 3 1 2
311 Su ’S =

CU TO 3 1 3
312 SU N S • “ J -M ~~( ” ~J ” — 1 I  -
313 SMI = 55001 (SU ”/ SJ - ~ S)

CALL -ZO - ’~~A (RR,sE,Sj” ,53’45
VII • VM / 00
IF ( ( - 3 1 )  , 6 ó , % 5 9 , 9 5 9

967 W R I T E  (6,3) V M , V ”
6 F QR .~~ T (// 4.jX ,’MEA’I V A L U E S  FOR 3L O CA S O F , c5 .3, ~~~~~~~~~ M I N U T S O
1’ ,// )

GO TO 970
968 ~~~~TE (6~~~7 2 )
972  FO RMA T ( / / 5 J X , ’ PC I N T V A L J c S ’ ,/ / )
970  ~R T E  (6,171)
971  F 3A~~A T 1 1~~X , ’ ‘4 3 , l X , ’ L ~~T T J 3 E ’ , 5 X , ’ L O ~4 O i I U O E• , 5 X , C - 4 P j T Ej ’ , 1X , ’

1T )-U0’,7~~,’ J i F F E r E ’ .CES ’ . , PE A C d T A G ~~~ ,/~,7X, V A L u E , ,~~k , ’I A L J ’~S’ ,
2L 0X , ’ — 1 ’ ,7X, ’OF N E C E S S A R Y  M E A S . ’,/)

IL = 2
.~LL 

(r.c:Z.cE)
304 ~R I TE I - 5 , D ~I) : , B ( I C E ) , q R ) t , t ;  , R R ( I , 2 J  . ( , 5 l . ~~ R )  I ~~~~~~~~ 1 , 3 )
61) F~~~” A T  1 1 1 3 ,  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~.2)

Os ) 68 t J L .~~L~
65 I I I  I c. * ~ 7 )  1 • P-s (1 , 1)  • —‘ -S N , 0 1 , P K)  I • 5 I , ~ i I I • I , I • 0 1
61 ~~.~~:lAT (Z~~3, F2 1..2, , 7.0, -~~,F 7 .0, 7X, F7 .O,F 1,.O)

•
JL J L L ’ 2
I = 1.1
J L L J L L • ~~’.( I0’ .EJ
IF I IC K E — N ” )  3 C 4 , 3 0 = , 3 - S ~~

305 W R I T E  (6 ,30- f l  ~sj ”. , O U - ”~~.I- ’~309 05=A T ( / / / .‘$ u~ CT 0 -  :‘ ,F i .0,/2%.’SIA’4L~~=.~ ~E ,2AT 0 N  ~~~1 -~
1’ ,IS. ’ -~-IAS ~~R ’--N T ) :’ , :).), ’ ~~~~~~~~~~~~~~~~~~~~ ST~~.OAl 0 )~~~T A i ,
2 F R O M  C~1LL O A i t - ~N: ’,F,.0, ~3#L’ .//l

3C 1 S T O P
END

Su ~~S:j ~~I . - ~~~~~~~~~~ I V ” )
C
C D E T E ~~-’~~- .ES ~~~~~~~~ I~~S F O R  ‘ -iE “ E~~-~ ~- ‘ LU E 0 M ~’ u T A ~~t ’ n



~~~~~~

Do

C V M MEA N SIDE L EN GT H OF S L O C K IN MI N UT ES 5TF A~~C
C RAN ZON E OF INF 1uE~~C2 ON EAC H S l O E  OF I N T E R P O L A T i O N  P R O F I L E .
C ~NV N UM3IP CF P O I N T S  FOR ONE M~~ A 4  V A L U E  A N t ) UNE FLIG,i T P R O F I L E
C MMV :~UMB ER OF P O I N T S  ON EA C H  F L I G H T  P R O F I L E  uSED 13 S E T  UP T H E
C ES T IM A T IJ ’I O PE R A T O R .  “ M V  MUST ~ E COO AND G P E A T E 5  Y HA N  1.
C MVV SEPAR A T I O N  OF NE A D O V E  POIN TS I-N U N I T S  OF V V ”
C MV NU MB E R  Or 1’ . T E R ? C L ~~T LO ’ 4  P R O F I L E S  FO~ “ EA N  V A L U E  uF C I Z E  Vi
C NV NU M3ER O~- ~ J I N T S  ON E A C H  I r , T E P P O L A T X O I  P RO F I L E  J i EC F-J R TH E
C E S T IM A T I O N
C

I M P L I C I T  RE AL ~ o I A N ,0— Y ) , t C G t C A L (L )
C OM~;3r4 / T L C -~/ B ? ( L 2 ,00( 121.O P (12 1 ,8(Ls ) ,CIL5 ),D (l5 ),F5( 1 ,), F C(1 51

2 (12 ,7 ) •icK( ~~. I . K - - c  l~ I s I S )  15 ,7) ,N ~l ,MM , N N , N N- 4 ,  I-il 1 1 2 1  , N N V ,  N, *M V ,  I L K ,
3NJ , - i :R , NI~~, I O I , I TZ , t ~~

C
M M V = 3
M V Y = 5
NV • 1
RA”I • 1.5~~V I~~COO
-5141 = l .5*S ’4 I~~CUO
IF ( R A N — S M I )  9OL ,1O~~, 9Q2

901 R A N  = S” I
902 SM I = 1.

IF ‘ V M — 4 J . )  910,910,111
911 MV =

ICK • —1
CO TO 912

910 IF V M — 5 .  9 1 H ,9 13 ,9 1 3
913 MV = 3

IC1( = 0
GO TO ~ LZ

914 MV = 1
IC-K I
IF (V-M I 912.915 ,912

915 V II = V V M
NNV = I

912 RET u R N
END

SUBROUT INE L I N E  ( I C K E , V M )
C
C D E T E R M I N E S  ~~~~~ P R O F I L E S  13 bE USE D FOR IHE IN T F R P - O L A T :O N  ~ A F E C T F I C
C P O I N T  U SI~~O T i E L A T I T U D E  ~L A 1  OF THIS P O IN T  A~~D T-,~ ~~A .T: Tv ~~~N -.5 T~~~~ D
C BY THE SJ .~ 1 - J T I N E  V E A N.~~~ E PR O F I L E  N~~”c,ERS A R E  S T O R E S  IN T -s r ~ )c~~A Y  TR . INO.
C IC I C  NUM~~E R OF I N T E R P u L A T I O N  PRU FI L t
C

I M P L I C I T  R E A L  ~8 t A — r , 0 — Y ) , L J G 1 C A L t L I
COMMO N /TIC .~/ ( i O I , ~~P ( I Z I . 0 P ) L f l , E ((6I,O((6I,oN5?.#-~~( ~~~),F O ( l , )

1 ,TR AN ~~I 12) ,SR, S) ,CJ,CCO ,Vv ,S ”I , -.~A N,Z) 5 ,*2 JJ),K ~~~( 1 0 )  ,Kr.K?C ~2 )  .
21 12 ,7) , K~ I le. I , ~~~~ ( t o )  . 1 0 ( 1 6 , 7 )  ,NN ~~~ ~~~ NNN, I 4 ( 1 2 )  • • NA • “V. Ic
3 N J , , 4 V V , M 4 V . ( O I , I T L , I F !

C
C S E L E C T I O N  OF F I IO5 i T P R O F ! L E S  FOR I N T E R P O L A T I O N  PRO ~~IL E N~JM~~E R t J  IC~~E

415 NJ = 3
B L A T  6N~~~ E )
81)
MEl •

_ _ _ _ _ _ _ _



NN V = V M~ O C O S ) B L A T I / V v M
IF I M V V — 5 )  419,419 ,’,20

419 M VV 5
423 IF I N M V — l )  ~t21. 42l,422
421 NNV K K ( L C K E )
422 IT Z  1

S T E = MV ’!
SIT = STi~~VV”
STE I MV / 2
00 410 I 1.1O

410 TRA ~eS II = 0.
BLAI1 I L A T~~K A N
B LAT 2 = 3 L A T — R A N
1 = 1
J 1

40 1 8L B i t )
IF (BL .3T.OL ~~T 1 J  3 Tj  ~~~
iF tBL .L 1 .~~L A T 2  00 10 403
TR~~~S (J = I

~P l J )  = ‘3)1)
C P I J )  = 3L J — S T I~’STT/OC S I 3 ( I ) )

D I I )
=

K K K P ( J)
FS (J) = 3.
FCIJ = ST T/000 S t311)1
DO 4 09 ) c = 1 , 7

409 I D P ) J , K  = I D U , K)
NJ .3
O

400 1 = 1.1
IF ( I — N M )  ‘ 0 1,4 0 1 , 40 2

402 IF (NJ ’ ‘1) ,-.i3 ,412

‘p13 W R I T E  ( b , 4 t ’ .l E L A T
4j-, F0 25 . AT  < / / / 0 ~~,~~~ O F L I G H T  ~R C c i L ES rN  T HE D E F I N E D  R s o r c - 4 . : N T E ~~~

0 L A T
L ION ‘FI,. F l i E n  T E  L~. f l T L - .sE 3L A T ’,r7 .2,’ LA: ,NOT 3 1 O E T E ~~’I N E - ’
2,1// I

1MM =

I C K E
IF ( I K E - N ” )  ‘. I5 . ’.t ~~.4 1 1

417 l IZ  — 1
GO T O ‘* 1 3

C
C PA T T EA.’1 OF I N T E ~~7 O L A T I T N  ‘O INIS ~ 3R S P E C  I F I C  ME AN V A L u E
C V A L U E S  U S E D  FO R I , I E R P - C L A T L N  CF 3~~E PR~~F i LE A R E  ST ~~~tJ IN
C

412 511 = M V
ST = v~~IST t
U = ‘1.3.1
IF I t O ’ ~) -, 1 3 , , - 4 ,.=05

403 3 2 1 j 1  =

•

PP (j* 01 = I s A  I

~~P I 3 • 3 )  =

S P ) j * 4 )  •

50 13 4(46
40. .  2 P 1 J 1

•

E P ( J . 2 )  • 3 L A T - T

L 

30 1-2 35
4 3 5  3 P ) j (

‘ 0 ’ - 2 )  ~ -OT K ’ I * V
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U =

C P ( J )  = BL O
D P ( J )  = H E X

K K P (J I  NV
FBI.) ) • 0.

FC (j )  S T T / D C O S ( t ~L A T )
IKI(KPIJ ) = I
IO P(J , 1 I  = 3
DO 407 IK= 2 , 7

407 IDP J ,IK) = 3
‘.18 R [TUR-N

END

SUB IPOUT INE PLAY (AA ,BB ,M QLO ,MA ,M8 )
C
C COMPUTES c.3VA RE A ’4CE M A T R I C E S
C MOLO — 1  AUT CC O~~A R I A N C E  M A T R I X  OF OB S E Rv ~~~ IUNS CX X S ICREI )  IN
C - ARRAY A A
C 0 C~~OSS CCV A R L R ’ .CE M A T R I X  OF SIGNAL A ND O~3 S E 5 V A T CN SX
C STORED EN AR R A Y  SB
C 1. A UT O CJ V IRIA ’IL E ~ 8TRI X OF SLGNA C SS STORED IN &S~~A Y A A

C MA, MB D I M E N S I O N  PAR A M E T E R S  OF AA A N D  3z~ AS D E F I M E O  IN C A L L I N G  pQ 3G~~AM
C -5

I M P L I C I T  R EAL  ~~~IA — 1- I ,0 — Y ) , L O G I C A L I L )
COMMON / T t C c /  S ? 1 1 2 ) , C D ( l f l  , O P I I 2 ) , 8 I L 5 ) , C ( 1 S ) , O ( t 5 I , F ~~I 1 6 ) , F ( I 6 )

1, T R A ’ l S l  12) , S R (  S I . C O , COO,  V~~M , SII,S AN , 11 5,.. 03 I, KK P ( 121,K.. -c P (  ~2 i .  (3?

3WJ ,M V v ,M M V ,I D 1 , ( 1 Z ,L F I
C0.MMON /C i~C O V / C I I  12 ) , L ~~~51 ) , S X C M A 0 ( 3 O 3 ) , S I G M A I 3 0 O ) , K U ’ E ) , ’ 11,L~~C A L
OI MEN SIC. N A A t ~~~A , M A 1 , 3 ~~~IM 5, M A )

DATA GM , 3E /3 .7’3014,637t .0133/
C
C INPU T P01-N T ~
C

JV •
IF ( MOLD ) 2 2 0 , 2 2 1 ,2 2 1

223 1 • 1

GO TO 222
221 I = ‘4.3 .1
222 ILL = 0

1.3 = U
214 1.3 = IJ .lL L

ILL 0
DO 228 J 1 ,7
IF l I u P ( I , J ) )  2 2 9 , 2 2 3 ~~229

229 ILL • I L L .1
228 CC’ IT IN J c

= 3 P (I p
PC = C P I I )
CR 11 0 ) GM / (Rc .0P(I))* ~~2
SF8 =

SFC F C I : ’
C R 1 2 )  = )P(I)
. 3 = 0
I(T = 3

212 1.3 L J KT~- I L L.
TJ =

lIT
PBS Rd .TJ* R FB 

-~~~~ -- - - - - -~~~~~~~~~~~~~~~~~~~~ _ -- -
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5CR = RC~~T .J~~RFC
CR )’,) = OSIN
CR I b) = OCOS i R ~s R)
IF (MO LD ) 2~~-3 ,25’.,253

C
C IN °UT POINT 3
C

251 II = 1
11.3.3 = (3
GO TO 210

2 53  11 =

I I JJ • I.)
21 0 R63 = S F 1 1 ! )

= O n - l I t )
C R 1 1 1 - I  • G” / )?E .T2(IIH~~-Z
R F 3U  = R- ~ I t 1 )

= F 1 1 1 )
C R 1 3 )  = O P I I I )
IF ( I— I l )  223 ,226 ,2~!3

223 U., = 3
GO TO 2C~

22’ J.j = .~

208 TjJ = JJ
II J J = IIJJ .I T 7~~J L L
JLL • C
00 230 JK 1,7
IF (I JP (lI, j~’)) 231 ,230 ,231

231 JLL JLL .L
C
C COM PU TA TI~~N OF SPr I E M I C A L  D I S T A N C E
C

233 CO N T I N J E
=

RCCS
55 = 5 5 C R— SOS
CR (~~) = D~~tN 1 5 3 2 5 )
C R 1 7 )  OC OS I~~~ E S )
C R 1 8 )  = O S IN (551
C R C - 1)  J CJS ( S )
CP. I 1 ) = C R I 4 I~~C~~I 5) •CS( 6)~~C R I ? ) ~~CR ( 9)

C
C C O V A R I A N C E S
C

1K 1
304 ~ I i b ( = lS~~I t , I K I

IF (Ki(6)) ~O ) ,3 Ii ,3O 2
300 ~~- ITE (6,3133) .cI(6)
303 E~.S”~~T ( / 0 O X , ’ E s R J R  I N  IN PUT SPE C IF C A T I O N  ~2R P P~~F I L E ,I3 , ’.’,:O
302 II I

IF ( I — i l )  3 17 ,32 0 ,31 )
32) IF I J— J.~ 1 31 -

~ , 3 2  . • 5

321 I~~ = 1K
60 T O  30)

319 IKK = 1
30 5 W I ( f l  • 11 21 )j,~~-(..)

IF ( (1) 7 ) ) 3 ’U *3 2 1 , 3)3
36 5 N- - I T S  I 5 ,, D ~~~

) I I , c l I T l
3U .~ J~~J

CA LL O V ’-X
C ALL 01.0’ iCC ’ )
IF  Io4 e1,~o3 ,,— .I)

633 IJ~ =
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634 IF IM O LO ) 316,317 ,31 6
31 6 AA (III ,jJ j ) = CDV

GO TO 307
31.7 88 (111,4.3.3) = CDV

C 
- - •

C SETUP OF CO MPLETE “ A T R I X
C

307 IRK = IK~(.1
IF ( IK\—7) 309,309,31.0

310 1K = IK. t
IF ( 1K—i)  304,304,305

305 .3.3 = JJ .1
ITT 1.
IF (J . 3 — K K P ( I I I )  208,209,209

209 II 11.1
IF (M OL )l 252,252 ,253

253 IF (I l —U ’!) 212,2 1O,2 5~
254 GO 13 2 11
252 IF ( I l — N J )  2 1 0 , 2 1 3 , 2 1 1
211 .3 = .3.1

= 1
IF (J— Kc4’(l)I 212 ,213,2 13

213 I 1.1
If (MOLD ) 225,226,226

225 IF l I — N J )  214 ,214 ,215
215 Os) TO 227 *

226 IF ( 1 — J V )  2 1 4 ,2 1 4, 227
227 RETUR N

Ei40

SUBR OUTI NE ORDER (A 4,MA, M ,NDE C )
C
C SHIFTS THE UPPER T R I A N O O L A 2  PART O~ THE R E3 L  S Y M M E T R I C  M A T R I X  A A
C INTO T H E F I R S T  rIA~~I M A — I ) / 2 ST JR A OE L O L A T I U N S  OF T M I O  A R R A Y  ANU
C VICE VE R SA
C “A D IMENSIO N OF AR .~S DEFI N ED IN C A L L I N G  P R O G R A M
C N A C T U A L  D I M E N S I G N  OF M A T R I X
C MOE C — 1 .  TW O — - D I M E N S I O N A L  A P S A Y  INTO ONE—OI ~~E N S I D 4 A L  A R R A Y
C 1 U1.N E O I M E M S C O N A L  A R RA Y  INTO T~~3-0 I~~1NS 1ONA L A R R A Y
C

IMPL IC IT  R E A L  R 8 I A — - 1 ,s J — Y ) , L O G I C A L ( L )
DIM EN S ION A A (M A , ”A )

C
IF (NO EC ) 300,3 (40,301

C
C TW 3— O IM E NSI ON AL A R R A Y  INTO DNt~~D tM E N S 1 O N A L  A R R A Y
C

30!) I = 1
. 3 = 1

304 A A 1 1 , J )  A A ( K , N )
= “1

IF (K— N) 3-02 ,302,30 3
302 I 1.1

IF U — M A  3C4,3O4 ,335
305 .3 J • 1

1 1
GO TO 304 



2 5

303 N = ‘4. 1
K 1
IF I N — N )  3 0 2 , 3 0 2 , 3 07

307 GO T O 308 - - — —
C
C O ’4E — O I M c N S I O’4AL AR ~~f rY IM TO TW O — D I M E N S I O N AL A R R A Y
C

301 MM = ‘~~ tM .I 1/2
MC = MM/MA
MR =

I = H

K MR

N =

IF 1 K )  309,310,311
309 W R I T E  (o, 3 12 ) N ,K
312 F O R M A T  (1-C -~,’~~~ROS IN P- J SI T I -JN’ ,213 )
313 K = ‘4*

N = N—I
311 AA (I, . ) =

P1 = < — 1
IF (K) 313 ,313,314

314 1 = I — i
IF I I )  315 ,315 ,31 1

315 .3 = .3—1

I J
CO TO 311

313 N • ‘4- 1
K M A
IF (‘43 30.3,308,314

30)3 R E T U R N
E N D

SUBROUT INE OA T S  C’~-K L , 0 N ,GO,GDD,I Z I)
C
C REA D S THE S I M U L A T E S  ‘t~~R~~RLE Si’ D ATA F R O M  A D I R E C T  &CCE SS F I L E  A’413
C CO R~~J~~1S THESE I~~ J E S  3 f  C ! F ~~1R E N T  K I N D S  OF E~~~.AS. I , T~~1 ~~ E S~~Nr
C SETU ° S IK “EA$ U -~E CN T S A 5~~ P EA )  F-J~ E A CM P O I N T ,  T~~E F I ~~ST ~~~~~
C Of ~H I r I  A R E  ~jSEO.
C KK L NJ- lEER OF R E ) ~~JS TO SE R E A D  ~R GM E~ L~ FL I OHT FILE
C IU — L  NO~. ”A L S E V i A T E S  ~~ TrI V A R 1 A ~,CE5 3~s,0D,OCD ~kE ADDED 0
C TRUE V A L U E D
C (3 YULE 1I’~E 1V I~~S 4~~TrI CO R R E L A T I O N S  ‘;.73~ ~N2 0.327 I S
C ADDED 13 1:-~~.~~ t TY V~~O M A L I E S
C I L I N E ~.R SYSTE M A T I C  C R ~~S I S  A(3JEC lu D R A V I T Y  A N ~,”~~L t E 5
C

IM P L I C I T  ‘EAL ~8 1 A - n , j - Y ) , L O 0 I 1 : A L l L 1
CO MM - O N / 1~~~*/  3 - ’ ( I ? l  . C’ 1 C ) , O , - ) 1 2 ) . S ( 1 5 ) , C C 1 S I , ) 1 5 1 , F 1 1 6 1 , 2 1 : 1 1 ’ , )

1 , TR t . N S I 1 2 )  .SR ) ~ ) , , 0 , V V M , S ~~ I,~~ A N , Z (  S,’ - ’~ ~~~~~~~ 12) ,‘ .~~2 . j -~~ , 10?
2 ( 1 2 ,  7 )  , &< I 1 ~ * (K 1 1 , I 0)1 N • 7) • ei, ~ - ,  N” , ‘~;,l, - .1 1 12) • N N V  ,NV , ~V , I C
3 NJ . M v - .- .~~~ , , L 0~~. I T 0 , : ; :

C O M MON / 5~~~T/  ~:11,’,)
J I M E ’4 I ~ i I..( ~C),~~O 1 10) ,003 t1O )

C
C R E I D  A T A
C

O E F I s t ~ F I L E  11I7 ,:.0 ,L , (1 t ;

OE~~!’.E F I 1  ~~~~~~~~~~~~~~~~~~
D~~~INi ~~~~ 13 ’ ~,~~.I , L. - 1 3 )  

- - - - - - - ~~~~~ - -~~~~~~-~~~~~~~~~ 
_ _
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DEFINE FI LE I (7,~~4QO ,L ,KI4)
DEFINE F ILE I5(7,2 4U 0 ,L ,KL5)
DEFINE FILE I 6(7 ,~~40 O , L , - K 1 6 I
DEFI NE FILE 1717 ,2’03,L ,K17)
DEFINE FILE 18(7 ,2 400,L ,KL9 )
DEFI N E FILE 19U,2400,L ,K19)
DEFINE FILE 20 (7,2’ (4O,L,K~~0)
DEFINE FILE  21I 7 ,2~~3O ,L ,K2 I)
U = 571
IRK = )(KL~~bO-3
AM = 3.

1 = 1
IX = K K ) c ( I )

502 J 1 = 1
JK = T5..NSII) .1C.
J J 1

503 J2 = jl•599
REA D (UK’ .3.31 l Z I I , J ,J= J 1,J2)
4 1 = 41.630
.3.3 =
IF ( J J — K K L )  5 0 0 , 5 00 , 5 0 1

501 I = 1 .1.

IF (I—NJ ) 5O2 ,~~27, 5D 3
503 IF I IZ I ) 507 .508,5 0-i

NORMAL D E v I A T E S
C

507 00 506 i 1 , ’.J
1K
K • — L
JR ‘ TRA ’IS( I )
DO 505 J L,I< ,6
K : K . I
S 03(4K)
CALL GAU SS (L Z , S , AM ,V )

ZZ II.1 ) • ZII, J l.V
S • 0130(4K )
CALL G A U S S  ( I Z , S , . -. -’ * V )
ZZ (Z ,2) = ZU,J ’L .-V
CALL GAUSS I 1 Z , S , A ~~, V )
Z Z ( I , 3 1  Z ( I , J . 2 ) . v
00 535 JD 1 ,I K
II = K~~1X .J J

505 2(1,11 ) = Z Z ( I , J J )
506 CO NTI N UE

GO T O 513
C
C C O R R E L A T E D  ERRORS
C

508 DO 511 I 1 ,-’4J
1K = 6~~K K ( I)
K = - t
JR = TRANS I l l
S = GD(JK)
CALL GAUSS ( I Z , S , A M . U )
CALL GAUSS ( L , S ,A M , u U )
V = —1. 1
Vv = .5
00 512 J 1 s I K , 6
K =

CALL YULE (u ,00 ,V,VV,S ,5S,IZ)
21 (1,1) 111 ,4 1.53

~~~~~~~~~~~ - -~ ~~~~~~~~~~~~~~~~~~~~ - -  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~--
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ZZ II,2) Z ( I , J.1)
ZZ (I,3) = 5(1,3.2)
00 512 J J:1,IX
II = K~~IX+2.3

512  Z ( I , I I )  = Z L I I , J J )

51 1 .  C O N T I N U E
C
C SYSTE M A T I C  E R RO RS
C

GO TO 5 13
509 03 ~ 13 I 1 , \ J

1K =
K = — L
4K — T R A N s  I I I
S = 5.
55 = R (L~ 130S = S/ ES
53 • 0.
DO 1~l-t J~~1 ,I K,6

= “-‘ t
5$ = S S . S
Z ( 1 ,~~

) Z ( I . J ) . D 5
ZZ (I,2) • l ) I , J ’ i I
ZZ (1 , 3 = ~ t 1,3. 2 )
30 51’. J i 1 . X
I I  =

514 1 ) 1 , 1 1 1 Z~~(I, J JI513 CS- -~C ‘~Jt
513 DO 515 1 1 , \ J

33 ~‘6
516 Z ( t . J l  = 99957.
5 15 CO ’;TIN J t

EN D

S U S R D J T I N E  S C A N  I A A , M A , 1 U M , V 4 , R R . I C c E J
9-

C CO ”PUT E S ONE ? 2 C F I L E  C~ ‘DI NT OR M~~A’I V A L J n- S
C AA P~~E J~~- T  ION ‘-~1 R . ~
C IM ~ SE~~L’~~’4 T I A L  ‘i-j~~~Erc 2 2 ‘IL SN C.~ 2JINT VA LU E
C RR . .54-~y TO ST 3~~E Tr~E 0C’PL JT EJ ~~ ‘~ JES A~~~ I~ DI’ iA i~~S
C ALL O TrIER 0~~~ s T I T E~ A~~L A S DE~~I~~EO I s  CA LLI ’L ~ R~~~ R 4’~
9-

1”~~L t T - E RL (-\ *~~—~~),LCS ZAl _ I L )
CO” i~~ / T V ~~ / 1~~ t 1 ,  .2 2 1 1 2 1  ,~~~( L2~~.3) 

_ 6) . i (  1’-,),Ot N ) , F’ L 1,),~~~ ’ ~~~
1, T ~ I L  71 , I I , 2 • 2-0 , v ’ , C ~ I . AN , 1 5, ~ 20.. I , ~ 7 1 2 I , ~ <7 12 1 . I
2 ( 12 , 1 )  . ‘. I ~ I , ‘ • I 1 , -~ n • 1’ 1 , , M M  * N M , NN N  • I NI 101 , , , -.- •
3NJ, ’ V ,, ’” ,.i ,I ’ 0, I~~~I
DI -’ ..’4;tL’4

C
C 50’Ps-’ E I’. I I AL ‘C~~ s ’., 2F n -L DH T AN, ) i N T O ~) ’ OL A T I O N  P~~3F IL4C
C

IF (131 ) ~ 2 2 , 2 2 . ~~~,2 3
623  SV M  •

;.~ TO ‘.2-.
‘,33 S~~” • 3.
‘,24 3.~ l •
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BLO = C ( I C K E ) — S v f M

BLA I = 8(IC~cE)
BL = 3 L 3 — SU I CV V M / ( ,C 3 S ( B LS T ) I — S , ’4/2.
KM = K K I I C K E )
DO 616 I 1 ,N J

616 P41(I) = 0
IM = 1

607 SUM = I M — l
SU M I = 0.

ALO = SLJ*S V M
KR = NNV
SU ’I S = cR
1 R 1
31. ~i L + S v M
NC = T -R A N S I L )
CPP = C (NC )
COO = (aL— CP P) ~~3C o S c S L A T , / v v M
IF (CDD ) bO~~*6OL.~~O2

600 IF (CDD . .5) 633, 6131 ,601
603 NC = ~.DO- .5

.KRR = K.& .NC
IF ( K4I IR ) 

~ -)‘,,6O4,6O5
604 IC = 1 C K E — N i

WRITE (8.02 51 IC ,IM ,I M M
606 FOR44T 1//2A. ’ I N T E R P O L A T IO ’) P R O F I L E  NQ’ .I’.’ °OTNI ‘sO’ ,I’.,’

ISEO U ENT 1A L ‘4O’ ,14,/2X, ‘HAS ~OT BEEN C~”P-JrE o ~EC A US E N) ~EA SU SE M
2EN TS ARE A V AIL A 8I. c ’,/)
R R (IM M , L )  = ELO
RS (1M N,2 ) = 999799999.
RR(IP; ’i,3) = 0.
IM = I~~.I
1MM = IM’t.1
IF (I M — K M )  607,607,630

633 GO 10 613
605 SU” = — .5

CD O = K R
CN = IOO. — S~J M ~~L C0 . /C D0
SR I I M M , 3 )  =

SU ”S =

IR IS—IC
IC =

W R I T E  (8.608) IC,I” ,1 -MM ,CN
608 F0R~IA1 (//2X , ’ I M T E R P O L &TIUN PP- -O F I L E  N O ’ ,t-, ,’ P 3 T ’.T ‘,‘ ,‘

1SE0LJ EN TI~~L NJ’ ,i4 ,/2~~, -‘AS ~ E~~’4 C 1J -M P~)TED l T - ~ 2 N L Y ’.7~~.i , ’ CL L
2ENT OF T’IE -I EAS URE ’LNTS S EQ U r i ~E0’ ,/)

00 TO SC 1
602 IF (CO0— .5) 631,601,609

609 DO OI U ~~ 1 ,.J
COO = I & L — C P P )O D C O S ( 3P ( I J 1 / v V M
NC. =

613 I N I ( I i  = NC~’ K K K P I t )
601 IF (l u l l  025,o25,’.2o

C
C MEAN V A L U E S
C

625 CAlL . FI X IAA,.M A ,SuM ,JJ )
SJ1i • SJM ~~.Su
IF ( I . I I 1 ) — J J K’c ) ~ l7 ,o13, 6L 3

613 SUM •

COO =

IF ( I R— ~~R ) 820.621.520
62) CM • 3 ’ J M S~~1O3./CD0

_ _ _ _ _ _ _ _  
_ _  - - -~~~~ --
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R4~ t I M M ,3 I = SN
IC = I C K E —
.4P.IT E (6,1,33) IC.1” .lMM,CN

621 IM = K TM
GO TI)

617 IP~ IR. 1
DO o1 2 I 1 , ’.)

612 INI (1 1 = 1 NI (I ) •<K ~ P (I)
IF ( I R — ~~~l 6 6,o2~~,,1 9

619 SU M1 r S J 4 I / S J 4 S
R R (IM M , j )
P. R 11’ I1,2) = S-j~~I
1M M  • IM ~ .-1 —

IM
IF I I M — K M )  ~ O 7 * 6c-7 , -~25

629 DC TO 5 15
C
C POI N T V A L IJ E Ii
C

6 25 C A L L  F t .  I , ~~A , SU” ,J ~~1
=

R R ( L~~~,~~I = 5 . -’
B L O D O • V’~/.~CDS 3 L S T )
1M M = ~~~~~
TM =

DO o?7 1 1,NJ
627 INII 1 1 =  I N I I L ) . K - c -’ ( I)

I F  i I M_ ~~~1) o~~3,s 5,o15
628 IF ( 1 N I ( 1 ) . - K s ’(1 1 J 2 K K 4  1,25,~~31,831
63 1 30 632 i ’ ~’*ic ”
632 SR (I , 1 )  = ~ -~ 79 9 9 9 9 N.
61.5 RE TURN

EN )

SU ERO J T I I E  FI~ ( A 2 , ” A , I j” , J J I
C
C PE SF~~~”S -ON E 2 [ ’ . T I J ’ . OF T~ ’F ~ S E J 1 C 1 : i 2 N  1ST5I~ A~ -1 ’  ~-~E cL ’ .-~~r :~~-

~C F IE L O  1. .cES J L O  IS ~ T .~2E 3  1
C

IMP L I C I T  R E A L  t A — ~~.O — V ) , ~~ O 1 I C A L ( L )
C3H M3~4 /T I C~~/ 5?):- 7~ .22 1 2 1  ,J~ 41 0  I • d l L  ‘-1 .2 ( 1 5 4  • r - )  .~~~~t t~ I , 1 - I

1 ,T~~~NS ( £2 ) *~~ R 4  C) ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ‘..—~~‘2O) •(~~~~4 ) ,-- ‘~~ ? 4  1 2 1 . 1
2 )12 ,l 1 ,K ~ L~.) , ’-- - 4 ~~~~~~~~~~~ 1 i , , - 4 . ’’ , .“,.. l , I  . 1 4  ~~~~~~~~~~~~~~~~~~~~~~~~~
3N J ,M V v ,-- .- •ID1 ,:~~2 ,:F13I~~~N S I O N A A ) M A ,-’A (

1 1
703 SU~ = 0.

J • O
II 1
U LL 3

701 ILl . 3
• ~~~~~~~ I I )

=

ILL . =

iLL
32 7-00 IL =

I L L  1 L L ’ ~~u
ILl . J L L ’< \ \ c
J 72 0 1 ’I, ’-s, -K -’-

_ _ _ _  

- _



so

.3 =
44 =

700 SL’N = SUM .&A (I,J)~’l(I1 ,JJ )
JLL • .JLL .KKKK
II • 11.1. 

- -

IF (I l—N J )  701,701,702
702 SR(I ) = SUM

I = 1.1
EF (I— ~~y 703,703,734

704 SUM 1.
00 T0~.

706 SUM = SU”- s S< I )
SUM I = 4/
SO” = SU4/S u”1
R ETU RN
END

-SU 8ROUT !NE COMPA (Q K.KE ,SUM ,SJMS )
C
C OC TERMIN E S TME D IF F E R E N C E S  8ET~~EEN TRUE A N? E S T I M A T E D  V A L J E S  OF T~~E
C SIMLI L A TE J M ODEL. T~~ E:4M OF S QUARE S 440 ThE S T A N D A R D  D E V I A T I O N  A RE
C STORE .. IN SUM AN D Su~’S
C SR ARRaY CO-N TA1NII G T L E TR ’JE AND THE ESTIMATE D VAL JE S 4

C KE TOT AL NU ’lBcR OF ESTI -~A TE0 V A L U E S
C IT! TOTAL MU -’-IEER OF TR U E V A L U E S
C SuM SUM OF S~~)JA-RES OF OCFFE ~~E~4C Ej
C SUMS V A R I A N C E  OF D IF F E R E N C E S
C

IM PL i CIT R E A L  (A— ~~,i0—Y) ,L U G I C A L I L )
COMM O 4 /T IIl ic / 11 5 ) ,  ~l 2 ) , O P ( 1 2 1 ,E (1 6 I . C (1 5 ) ,O (I 5 ) , F 2 ( 1 5 ) , E Z I 1 5 )

Z (12 ,7I , K (([3), K K K I 1 8 ) , I U t ~~,.7I,;. 4, ”M,NM ,N N N , I N I I 1 2 ) , N N V , N V , M V , I C K .
3NJ ,MVV ,M M V ,I ) I ,i 1 Z , L F I
C I’ IEN S ION SIR ( o 1 2 . ~~ )
SUM = 3.
KKKK = 0
TOO = 3
IL L I
J j
JO 1

=

706 8LAT 3(NNNN)
702 IF (C~~~5 (3L A T — R R t J , 4 ) I — .31) 701.701,700
703 .3 = J •1

IF (J — I F I )  7)2,70 2.703
703 IF ( I L L )  71— ,l1M, 7t ~
713 W R IT E  (5.712)
710 FCR1 ~AT (///5 ( ,’ T R U~ A I D  E S T I~~AT EI ) V A L U E S  CO NOT W A V E  C O M P A T 1 R L I  CO

L O K O I N A T E S ’  .///)
00 TO 709

701 i~LD = R ? ( J J , 1 )
71 1 IF (0APSL9L ~~— ’)R(J,5)}— .Ol) 704,704.712
70’. KK (N •

KRK K =

00 7O~ 1~~J J , Y - KKK
I I  • .3—34.1

=

7(35 RR(I,s) • S K I L l , ’ , )
ILL = —1
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Ii

I 

S i

43 =

.3 =

NNNN = N’l~-s ’4*1
IF ( ‘-P4NN—N l) 7I )o ,7 ’0 t~ , 7 O 7

707 IF ( I L L )  71’ ..714,713 -~~~
714 00 708 i 1 , KE

R R C I ,~~) =

IF (R ~i ) I . 2) — D 9 9 5 i 9 - ~~c’.) 71~~,717 ,71 6
715

SIM SUl .  SS~~S3
RR(I, 5) = S3
GO tO 738

71.7 IDO = 100 .1

R S ( I , 3 1  = -3.
708 CC’4 T I s ~~

SI. • -~ E IDO
K E = $5

SU ”S = O SC -1T (SUM/S E)
GO T3

712 U r 4.1
IF 1 4 — I - - I l  7 1 1 ~~711.7l5

71.5 1r (I L L )  7O9 ,7O~~,713
709 R E T U R N

END

SU 3RO ~~T INE YULE (U, UJ ,V ,V V , S ,SS , 12 )
C
C CO M P U T E S  ~ ST A T I O N a R Y  T IM E S E R I E S  J S I N G  YULE’S SCM E ’~E
C u , J U  2 D E F F I 2 I ~~’4TS -OF T~iE OE~~IES FOR ThE “~~0 P R E C E D I N D  2 ,E -~ts
C V,V / Th E TW O P~~E C E O~~’46 E V E N T S  F T h~ S E R I E S
C S V A R I A N C E  ~2F T~~E ;~~~S ;i Ai ‘KOLFSS U5Ej TO D E I L R A T E  T~~c SE~~~~ES
C U RA ~~DC~ N L M b E ~, TI 5TA- ~1 ;AJ5S:A- ~ P 4 O C E S S
C ES TR A N S F E P  IF C OM P U TE D  E - d E 4 T
C

AM = 3.
C ALL GA ~)SS ( t Z , S , AM , E j

SE
1212 =

U = $5
R E  T US
END

C SUORO U T I N E  :2-. a -(

C A LIS TING OF I’iIS ‘~~2~~T1’4 E O A N  PE 2’ 1~’.~ IN TS C ’~~~) ’ lG ( 1 1 7 5 1
C OS U ‘-‘7T NO 0~~7. T-I E r ’LL..,~~I , L ’- - E T L 4 .  ~~~~ J LD
C (RERS O .AL ~~~~~~~ : s r I  ~ N 3~ L .L • I ~2-~~~R 41 N _.

C
C P A G E 5~~. LN ~ 23 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
C P A D .  ,O.I ~T s ’ E  ~~~ ~ : 2— - . c  ~~~~,

C PRO F ~~) , , T - 5 T f ” ~~NT  Ii 2-- -~ .~~ S -;s
C
C THE ~4DE  .JM 4~~~~,. S E F - 2R TO ‘-‘ E A o~~~i~~ ~t~’ T
C

-- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
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A p pendix B: Sample Comp utations

S A M P L E  I N P U T

.99400300.00 •9710~~O-33 .O1 1 0 0 12 1

7 - ‘.98.6 10. 7

—ii. 60. 10. 0. I. 1. 612 3 3 5 10 2 C 3 0

— 18. 80. 10. fl. 1. 1. 612 3 3 5 10 3 0 0 0

—1 9. 0. 10. 0. 1. 1. 612 3 3 5 10 0 0 3 o

—20. 60. 10. 0. 1. 1. 612 3 3 5 10 0 0 0 0

—21. 0. 10. 0. 1. 1. 612 3 3 5 10 0 C 0 0

—22. 60. 10. 0. 1. 1. 612 3 3 5 10 0 C 3 ~

—23. 60. tO. 0. 1. 1. 612 3 3 5 10 3 0 0 0

1 2 13 150 60. 60,

— 17.5 60.5 0. 15

—18.5 60.5 0. 10

_ _ _ _
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